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Compact 16-dimensional planes. An update
by Helmut R. Salzmann
Abstract
This paper is an addition to the book [54] on Compact projective planes. Such
planes, if connected and finite-dimensional, have a point space of topological dimen-
sion 2, 4, 8, or 16, the classical example in the last case being the projective closure
of the affine plane over the octonion algebra. The final result in the book (which
was published 20 years ago) is a complete description of all planes admitting an au-
tomorphism group of dimension at least 40. Newer results on 8-dimensional planes
have been collected in [52]. Here, we present a classification of 16-dimensional planes
with a group of dimension ≥35, provided the group does not fix exactly one flag,
and we prove several further theorems, among them criteria for a connected group
of automorphisms to be a Lie group. My sincere thanks are due to Hermann Ha¨hl
for many fruitful discussions.
1. Introduction
The last section “Principles of classification” of the treatise Compact projective planes [54]
consists of a detailed programme how to determine all sufficiently homogeneous compact
16-dimensional topological planes. Here, we shall survey and amplify the results that have
been achieved in the meantime. For 2- and 4-dimensional planes see [54] §§ 3 and 7; newer
developments in the 8-dimensional case are summarized in [52]. It is an open problem if
the dimension of a compact projective plane is necessarily finite; the point space of any
finite dimensional compact plane has necessarily dimension 0 or 2m with m∈{1, 2, 3, 4} ,
see [54] 41.10 and 54.11.
The classical 16-dimensional plane O is the projective closure of the affine plane over the
(bi-associative) division algebra O of the (real) octonions; for the properties of O see 2.5
below or [54] § 1, cf. also [11] and [12]. The automorphism group AutO is isomorphic
to the 78-dimensional exceptional simple Lie group E6(−26), it is transitive on the set
of quadrangles of O (cf. [54] 17. 6, 7, 10). In fact, O is the only compact 16-dimensional
plane admitting a point-transitive group ∆ of automorphisms (Lo¨wen [29]). Such a group
∆ necessarily contains the compact flag-transitive elliptic motion group of O , see [54] 63.8.
Let P =(P,L) be a compact projective plane with a point space P of (covering) dimension
dimP =16. Taken with the compact-open topology, the automorphism group Σ= AutP
of all continuous collineations is a locally compact transformation group of P of finite
dimension dimΣ with a countable basis, see [54] 44.3 and 83.26, and dimΣ≥n if, and
only if, Σ contains a euclidean n-ball ([54] 93. 5 and 6). In all known cases Σ is even a
Lie group, see also 2.3 below.
Homogeneity of P can best be expressed by the size of Σ measured by its dimension. The
most homogeneous planes P are known explicitly: if dimΣ≥ 40, then P is the projective
1
closure of an affine plane coordinatized by a mutation O(t) =(O,+, ◦) of the octonions,
where c◦z= t·cz+ (1−t)·zc with t > 1
2
; either t=1, O(t) =O, and P ∼=O , or dimΣ=40
and Σ fixes the line at infinity and some point on this line ([54] 87.7).
The ultimate goal is to describe all pairs (P,∆), where ∆ is a connected closed subgroup
of AutP and dim∆≥ b for a suitable bound b in the range 27≤ b< 40. This bound varies
with the structure of ∆ and the configuration F∆ of the fixed elements (points and lines)
of ∆. In some cases, only ∆ can be determined, but there seems to be no way to find an
explicit description of all the corresponding planes.
2. Background
In the following, P will always denote a compact 16-dimensional topological projective
plane with point space P and line space L, if not stated otherwise. Note that line pencils
Lp= {L∈L | p∈L} are homeomorphic to lines. Hence the dual of P is also a compact
16-dimensional plane.
Notation is standard and agrees with that in the book [54]. A flag is an incident point-
line pair. A topological plane with a 2-dimensional point space will be called flat . For a
locally compact group Γ and a closed subgroup ∆ the coset space {∆γ | γ ∈ Γ} will be
denoted by Γ/∆, its dimension dim Γ− dim∆ by Γ:∆. As in [54] 94.1, the fact that the
topological groups Γ and ∆ are locally isomorphic will sometimes be symbolized by Γ⊜∆.
As customary, Cs∆Υ or just CsΥ is the centralizer of Υ in ∆; the center Cs∆ is usually
denoted by Z . Distinguish between the connected component ∆1 and the commutator
subgroup ∆′ of ∆. A Levi complement of the radical
√
∆ is a maximal semi-simple
subgroup of ∆. If MΓ=M , then Γ|M is the group induced by Γ on M . The configuration
of all fixed points and fixed lines of a subset Ξ⊆∆ will be denoted by FΞ . We write
∆[A] for the subgroup of all axial collineations in ∆ with axis A (i.e., of collineations
fixing A pointwise) and, dually, ∆[c] for the subgroup of collineations with center c. Let
∆[c,A]=∆[c] ∩∆[A] and put ∆[C,A]=
⋃
c∈C∆[c,A] . A subgroup Γ≤∆ is called straight , if
each point orbit xΓ is contained in some line; by a result of Baer [2], the group Γ is then
contained in ∆[c,A] for some center c and axis A, or FΓ is a Baer subplane (see 2.2). An
element γ is straight, if it generates a straight cyclic group 〈γ〉 , and γ is said to be planar ,
if Fγ is a subplane.
2.1 Topology. Each line L of P is homotopy equivalent (≃) to an 8-sphere S8 .
This fundamental theorem is due to Lo¨wen [30], see also [54] 54.11. If L is a manifold,
then L is homeomorphic (≈) to S8 ([54] 52.3). In this case, the spaces P and L are
homeomorphic (Kramer [24]). So far, no example with L 6≈ S8 has been found. Further-
more, lines have the following properties:
Each line pq is a locally homogeneous and locally contractible homology manifold, and it
has domain invariance, see [54] 51.12, 54.10, and 51.21. Moreoer, pq \{p, q}≃S7 by [54]
52.5 combined with 54.11.
The Lefschetz fixed point theorem implies that each homeomorphism ϕ :P →P has a fixed
point. By duality, each automorphism of P fixes a point and a line, see [54] 55. 19, 45.
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2.2 Baer subplanes. Each 8-dimensional closed subplane B of P is a Baer subplane,
i.e., each point of P is incident with a line of B (and dually, each line of P contains a
point of B), see [48] §3 or [54] 55.5 for details. By a result of Lo¨wen [31], any two closed
Baer subplanes of P have a point and a line in common. This is remarkable because a
finite Pappian plane of order q2 is a union of q2−q+1 disjoint Baer subplanes, see [48] 2.5.
Generally, 〈M〉 will denote the smallest closed subplane of P containing the set M of
points and lines. We write B<•P if B is a Baer subplane and B≤•P if 8| dimB .
2.3 Groups. Any connected subgroup ∆ of Σ= AutP with dim∆≥ 27 is a Lie group,
see [37]. For dim∆≥ 35, the result has been proved in [54] 87.1. If dimΣ≥ 29, then Σ
itself is a Lie group, cf. [44]. In particular, ∆ is then either semi-simple, or ∆ has a
central torus subgroup or a minimal normal subgroup Θ∼=Rk , see [54] 94.26.
2.4 Coordinates. Let e=(o, e, u, v) be a (non-degenerate) quadrangle in P . Then
the affine subplane P \uv can be coordinatized with respect to the frame e by a so-called
ternary field Kτ , where K is homeomorphic to an affine line, the affine point set is written
as K×K , lines are given by an equation y= τ(s, x, t) or x= c (verticals), they are denoted
by [s, t] or [c], respectively. Parallels are either vertical or both have the same “slope” s.
The axioms of an affine plane can easily be translated into properties of τ , see [54] § 22.
Write e=(1, 1) and put x+ t= τ(1, x, t). In the classical case τ(s, x, t) = sx+t. A ternary
field Kτ is called a Cartesian field if (K,+) is a group and if identically τ(s, x, t) = s•x+
t with multiplication s•x= τ(s, x, 0); equivalently, the maps (x, y) 7→ (x, y+t) form a
transitive group of translations. Any ternary field Kτ such that K is homeomorphic to
R8 and τ :K3→K is continuous yields a compact projective plane P , cf. [54] 43.6.
2.5 Octonions. The division algebra O of the octonions can be defined as the real vector
space H2 with the multiplication (a, b)(x, y) = (ax−yb, xb+ay). Put (a, b) = (a,−b). Con-
jugation c 7→ c is an anti-automorphism of O; as usual, norm and orthogonality are given
by ‖c‖2= cc and c⊥ d⇔‖c+d‖= ‖c−d‖ . Sometimes it is convenient to write ℓ=(0, 1)
and O=H+ℓH. Any two elements of O are contained in an associative subfield: O is
bi-associative. The center of O consists of the real field R⊂C×{0} ; if c belongs to the
orthogonal complement R⊥ , then c is called a pure element. An arbitrary octonion c will
also be written in the form c= c0+ z with c0= re c=
1
2
(c+ c). The group Γ= AutO is
the 14-dimensional compact simple Lie group G2 , it is transitive on the unit sphere S6
in R⊥ , and Γi is transitive on S5⊆C⊥ ([54] 11.31–35). Obviously, λ : (x, y) 7→ (x,−y)∈Γ ,
and easy verification shows that
CsΓλ= {(x, y) 7→ (xa, yab) | a, b∈H ∧ aa= bb=1}∼=SO4R .
Each involution in Γ is conjugate to λ (see [54] 11.31d). Note that the commutator
subgroup of H× is H′= {c∈H | cc=1}∼=Spin3R∼=SU2C∼=U1H.
2.6 Stiffness refers to the fact that the dimension of the stabilizer Λ of a (non-degenerate)
quadrangle e cannot be very large. The group Λ can be interpreted as the automorphism
group of the ternary field Kτ defined with respect to e. The classical plane is coordinatized
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by the octonion algebra O; in this case Λ is the 14-dimensional exceptional compact simple
Lie group G2∼= AutO for each choice of e, cf. [54] 11. 30–35. In the general case, let Λ
denote the connected component of ∆e . Then the following holds:
(a) Λ∼=G2 and FΛ is flat, or dimΛ< 14 ([38], [54] 83. 23, 24),
(aˆ) Λ∼=G2 or dimΛ≤ 11 ([6] 4.1),
(b) if FΛ is a Baer subplane, then ∆e is compact and dimΛ≤ 7 ([54] 83.6),
(bˆ) if FΛ<•P and Λ is a Lie group, then Λ∼=Spin3R or dimΛ≤ 1 ([54] 83.22),
(c) if there exists a subplane B with FΛ<•B<•P , then Λ is compact ([38] 2.2, [54] 83.9),
(cˆ) if Λ contains a pair of commuting involutions, then ∆e is compact ([54] 83.10),
(d) if Λ is compact or semi-simple or if FΛ is connected, then Λ∼=G2 or dimΛ≤ 10
([13] XI.9.8, [38] 4.1, [6] 3.5),
(e) if Λ is compact, or if dimFΛ=4, or if Λ is a Lie group and FΛ is connected, then
Λ∼=G2 or Λ∼=SU3C or dimΛ< 8 ([38] 2.1; [40], [6] 3.5; [5]),
(eˆ) if Λ is a compact Lie group, then Λ∼=G2, SU3C, SO4R, or dimΛ≤ 4 ([38] 2.1),
(f) if A is the automorphism group of a locally compact 8-dimensional double loop, then
dimA≤ 16 ([3]; for the notion of a double loop cf. [13] XI. §§ 1, 8, and 9).
Remark. The proof of [54] 83.10 refers to 83.9, which has been stated only for connected
groups, but 83.8 can be used instead.
2.7 Dimension formula. By [22] or [54] 96.10, the following holds for the action of ∆
on P or on any closed ∆-invariant subset M of P , and for any point a∈M :
dim∆= dim∆a+ dim a
∆ or dim a∆=∆ :∆a .
2.8 Corollary: Fixed configurations. If dim∆≥ 27, then ∆ fixes at most a triangle
or, up to duality, some collinear points and one further line.
Thus, there are only 9 possibilities for F∆ , again up to duality:
(a) ∅ , (b) {W} , W∈L, (c) flag {v,W} , v∈W , (d) {o,W} , o /∈W , (e) {u, v, uv} ,
(f) {u, v, w, ..., uv} , (g) double flag {u, v, ov, uv} , (h) {u, v, w, ..., uv, ov} , (i) triangle.
These cases will be treated separately.
2.9 Reflections and translations. Let σ be a reflection with axis W and center c
in the connected group ∆, and let T denote the group of translations in ∆ with axis W .
If W∆=W and dim c∆= k > 0, then σ∆σ=T∼=Rk , τσ = τ−1 for each τ ∈T, and k is
even. This improves [54] 61.19b; a detailed proof can be found in [51] Lemma 2.
2.10 Involutions. Each involution ι is either a reflection or it is planar (Fι<•P ), see
[54] 55.29. Commuting involutions with the same fixed point set are identical ([54] 55.32).
Let Z r2
∼=Φ≤ AutP and dimP =2m . Then r≤m+1; if Φ is generated by reflections,
then r≤ 2, see [54] 55.34(c,b). If r≥m (> 2), then Φ contains a reflection (a planar
involution), cf. [54] 55.34(d,b). Any torus group in AutP has dimension at most m, see
[54] 55.37, for m=4 in particular, rk∆≤ 4, see also [9]. The orthogonal group SO5R
cannot act non-trivially on P ([54] 55.40).
2.11 Lemma. If F∆ 6= ∅, then ∆ has no subgroup Φ∼= (SO3R)2 .
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Proof. Each of the two simple factors of Φ contains 3 pairwise commuting conjugate
involutions. Let them be denoted by αµ and βν , respectively. If one of these triples
consists of reflections, their centers cµ form a triangle. Each fixed line of ∆ is incident
with one of the centers cµ ; on the other hand the cµ are contained in a Φ-orbit. This
contradiction shows that ∆ fixes no line, dually, ∆ has no fixed point. Hence the αµ
and the βν are planar. Similarly, all products αµβν are planar, but the group 〈αµ, βν |
µ, ν=1, 2, 3〉∼= (Z2)4 must contain a reflection by [54] 55.34(d) or 2.10. 
Remark. The assumption F∆ 6= ∅ in Lemma 2.11 is indispensable, even in the case of
8-dimensional planes. In fact, the stabilizer of the real subplane of the classical quaternion
plane PH contains AutPR×AutH∼=SL3R×SO3R (cf. [54] 13.6). By [54] 86.31, the
stabilizer of a quaternion subplane of O has a subgroup SL3H. Hence the stabilizer of a
real subplane contains SL3R and AutO=G2 and their direct product (use 2.5).
2.12 Homologies. If W is the translation axis of a 16-dimensional translation plane,
then any group ∆[z,A] of homologies with center z ∈W has dimension at most 1 ; more
precisely, ∆[z,A] is discrete or an extension of e
R by a finite group ([8] Th. 2 and [54]
25.4). In general a connected homology group of a compact connected projective plane
is two-ended : it is either compact or a direct product of eR with a compact group, cf.
[54] 61.2.
2.13 Lemma. Each commutative connected subgroup H≤ AutP fixes a point or a line ;
if P is flat, then H fixes a point and a line.
Proof by induction on dimP . Let 1l 6= η∈H and aη = a. Then aH= a or aH is con-
tained in a fixed line of H or 〈aH〉= E is a subplane of P . In the last case, η|E =1l and
E <P . By induction, H fixes some element of E , cf. also [13] XI.10.19. If dimP =2, then
the lines are homeomorphic to a circle ([54] 42.10 or 51.29). It suffices to show that H
has a fixed point, by duality there is also a fixed line. Suppose that ∀x∈P xH 6= x. Then
η|aH =1l, aH is contained in some line L, and H is transitive on L (or the endpoint of
an orbit in L would be fixed). Thus η is an axial collineation with axis L and the unique
center of η is H-invariant. 
From [54] 71.8,10 and 72.1–4 we need the following results:
2.14 Semi-simple groups of a 4-dimensional subplane. A semi-simple group
Υ of automorphisms of a 4-dimensional plane D is almost simple. If Υ is compact and
dimΥ=3, the action of Υ on the point space is equivalent to the standard action on the
classical complex plane, and FΥ= ∅ or FΥ= {a,W} with a /∈W . If dimΥ> 3, then D is
classical and the action is the standard one ; in particular, Υ does not fix a flag or exactly
one line.
Richardson’s classification [54] 96.34 of compact groups acting on the sphere S4 plays
a fundamental roˆle in the study of 8-dimensional planes:
(†) If a compact connected group Φ acts effectively on the 4-sphere S , and if Φ is a Lie
group or if Φ has an orbit of dimernsion > 1, then (Φ, S) is equivalent to the obvious
standard action of a subgroup of SO5R on S4 or Φ∼=SO3R has no fixed point on S .
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Only fragmentary results are known for compact transformation groups on S8 . The fol-
lowing will be needed, see [54] 96. 35 and 36.
2.15 Compact groups on S8 . (a) Any non-trivial action of a group Γ∼=G2 on the
sphere S8 is equivalent to the action of G2 on O ∪ {∞} as group of automorphisms of O ;
in particular, Γ fixes a circle, all other orbits are 6-spheres .
(b) Any non-trivial action of a group Ω∼=Spin7R on S8 has a fixed point ∞ and is linear
on R8= S8 \{∞} ; either the action is faithful, Ω has exactly 2 fixed points, all other orbits
are 7-spheres, and stabilizers Ωx are isomorphic to G2 , or Ω induces the group SO7R,
there is a circle of fixed points, and all other orbits are 6-spheres .
2.16 The complex group of type G2 . If F∆ 6= ∅, then ∆ 6∼=GC2 .
Proof. Suppose that ∆∼=GC2 = Aut(O⊗C) is the complexification of its maximal com-
pact subgroup Γ=G2 . Then all involutions of ∆ are conjugate by [54] 11.31(d) and
93.10(a), and no involution can act trivially on the fixed line W since ∆ is strictly sim-
ple. The centralizer of a given involution λ contains a subgroup Φ∼=SO3R, see 2.5. If
Φ would contain a reflection, then even three pairwise commuting conjugate ones whose
centers form a triangle in some Φ-orbit, and F∆⊆FΦ= ∅ . Consequently, each involution
in ∆ is planar and the involutions in Φ induce planar involutions on Fλ . We conclude that
W ≈ S8 is a manifold, cf. [54] 55.6. According to 2.15, the action of Γ on W is equivalent
to the action of AutO on O ∪ {∞} , and the fixed points of Γ on W form a circle C .
Note that Γ is even a maximal subgroup of ∆ ([54] 94.34). If c∈C , then dim∆c≥ 20
and Γ<∆c=∆. The same argument, applied to the pencils Lc with c∈C instead of W ,
shows that F∆ is a flat subplane, but this contradicts Stiffness. 
The next lemma will be needed repeatedly:
2.17 Stabilizer of a triangle. Suppose that the connected subgroup ∇ of ∆ fixes the
triangle a, u, v and that ∇ is transitive on S :=uv \{u, v}. For w∈S , let Ψ and Φ be
maximal compact subgroups of ∇ and of Ω=∇w , respectively, such that Φ≤Ψ. Then:
(a) Φ and Ψ have equally many almost simple factors ,
(b) 0<Ψ′:Φ′< 8 and Φ′ 6=1l, dimΦ′ 6=10,
(c) If dimΦ′=3, then Ψ′∼=U2H∼=Spin5R,
(cˆ) If dimΦ′=6, then Ψ′∼=U2H ·U1H,
(d) If dimΦ′=8, then Ψ′∼=SU4C∼=Spin6R, see also [43] Lemma (5),
(e) If Φ′∼=G2 , then Ψ′∼=Spin7R,
(f) If Φ′ is almost simple and dimΦ′> 14, then Ψ′∼=Spin8R.
Proof. Note that S is homotopy equivalent (≃) to S7 . By the Mal’cev-Iwasawa theorem
[54] 93.10, ∇≃Ψ and Ω≃Φ; therefore the exact homotopy sequence ([54] 96.12) for the
action of ∇ on S can be written in the form
(∗) · · · → πq+1S → πqΦ→ πqΨ→ πqS → πq−1Φ→ . . . , q≥ 1 .
From [54] 94.31(c) it follows that πqΨ∼= πqΨ′ and πqΦ∼= πqΦ′ for q > 1. We have
πqS =0 (q < 7), π7S∼=Z ([55] 7.5.6 or [7] II.16.4), π8S is finite (∼=Z2 ), see [55] 9.7.7. For
the same range of the dimension q (and beyond), the homotopy groups πq of the almost
6
simple compact Lie groups K are known, cf. the references leading up to Theorem 94.36
in [54]. This theorem states that π2K=0 and π3K∼=Z for all compact simple Lie groups.
For dimK≤ 52 in particular, π4UnH∼=Z2 , π4K=0 in all other cases, and π6K≤Z12 .
Furthermore π5SUnC∼=Z for n> 2, π5K∼=Z2 for K∼=SpinnR (n=3, 5) or UnH (n≥1),
π5K=0 for all other groups K. Note also π7SO3R∼=Z2 , π7K∼=Z for K∼=SUnC (n>3),
SpinnR (n>4, n6=8), or UnH (n>1), π7Spin8R∼=Z2 , and π7K=0 for all other groups K.
Recall from the last part of 2.10 that each non-trivial action of U2H∼=Spin5R is faithful.
(a) is an immediate consequence of π3Φ∼= π3Ψ.
(b) If Φ′=Ψ′ , then (∗) yields π7Φ′∼= π7Ψ′ → Z → π6Φ′ , but this contradicts finiteness
of π6Φ
′ . In the case Φ′=1l, step (a) implies Ψ′=1l, which is impossible by the first part
of (b). Because π1Φ∼= π1Ψ, again by (∗), the torus factors of Φ and Ψ have the same
dimension (cf. the structure theorem [54] 31(c) for compact Lie groups). From w∇∼=S
follows Ψ′:Φ′= dimΨ− dimΦ<∇:Ω= dimw∇=8. If dimΦ′=10, then Φ′∼=U2H, and
(∗) implies π4Ψ′∼=Z2 , but the groups UnH are the only groups K with π4K∼=Z2 and
dimU3H=21 is too large.
(c) Part of (∗) reads 0→ π4Φ′=π4U1H=Z2 → π4Ψ′ → 0. The groups UnH are the only
groups K with π4K 6=0. The dimension bounds in (b) and 2.10 imply Ψ′∼=U2H.
(cˆ) By assumption Φ′⊜ (SU2C)
2 . Hence Ψ′ is a product of two almost simple factors.
From (∗) we obtain π5Ψ′∼= π5Φ′∼=Z 22 . It follows that each factor of Ψ′ is a group UnH,
n≥ 1. We have 6< dimΨ′≤ 13, thus Ψ′∼=U2H ·U1H, because a factor SO3R would
contain planar involutions and U2H cannot fix a triangle in a Baer subplane.
(d) The homotopy sequence (∗) yields π5Ψ′∼= π5SU3C∼=Z. The groups SUnC are the only
groups K with π5K∼=Z, and SU5C is too large.
(e) We have π5Ψ
′ ∼= π5G2=0 by (∗) and hence Ψ′∼=Spin7R by (b), the fact that G2<Ψ,
and the last part of 2.10.
(f) follows from π5Φ
′∼= π5Ψ′ , π5SU4C∼=Z, π5Spin7R∼=0, π5U3H∼=Z2 , π5SU5C∼=Z,
π5Spin8R=0, SU5C : SU4C> 7, and dim∇≤ 30.
2.18 Corollary. If ∇ is transitive on the complement D=P \(au ∪ av ∪uv) of a triangle,
then ∇′∼=Spin8R.
Proof. We use the same notation as in 2.17. If ∇ is transitive on D , then ∇ is a Lie
group by [54] 53.2, and Ω=∇w is transitive on V = av \{a, v} . Choose c∈V , and let
Λ be a maximal compact subgroup of Ωc . Stiffness implies that Λ
′ is one of the groups
Spin3R, SO4R, SU3C, or G2 . Applying 2.17 to the action of Ω on V , the possible
groups Φ′ can be determined. If dimΛ′≥ 8, then Φ′∼=SpinnR with n∈{6, 7} , and then
2.17(f) shows Ψ′∼=Spin8R. In the case dimΛ′=3 we obtain dimΦ′=10, which is excluded
by 2.17(b). If Λ′∼=SO4R, then 2.17(cˆ) shows Φ′∼=U2H ·U1H. Now 13< dimΨ′≤ 20,
and Ψ′ is an almost direct product Ξ·Υ, where Ξ∼=Υ∼=U2H and Ξ ⊳Φ′ . According to
2.10, the torus rank of ∇ is 4; hence Ψ′=Ψ, Φ=Φ′ , and dimΦ=13. By construction
Φ=Ψw , and dimw
Υ= dimwΨ=Ψ:Φ= 7. Therefore Ξ|wΥ =1l and FΞc = 〈a, c, wΥ〉=P ,
but dimΞc> 2, a contradiction. 
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3. No fixed elements
The Hughes planes form a one-parameter family of planes admitting a fixed element free
group action. They can be characterized as follows: P has a Σ-invariant Baer subplane H
such that Σ induces on H the full automorphism group PSL3H, see [54] § 86 or [48] 3.21.
If P is a proper Hughes plane, then dimΣ=36 and Σ is transitive on the set of flags of
the outer subgeometry consisting of the points and lines not belonging to H , see [54] 86.5.
Sometimes it is convenient to consider the classical plane together with the stabilizer of a
Baer subplane also as a Hughes plane. Other characterizations of the Hughes planes are
given in [36] and [43].
3.0. If F∆= ∅ and dim∆≥ 23, then ∆ is a Lie group.
Proof. (a) Suppose that ∆ is not a Lie group. Then dim∆< 27 and there are arbitrarily
small compact, 0-dimensional central subgroups N such that ∆/N is a Lie group, cf. [54]
93.8. Choose a fixed point x of some element ζ ∈N\{1l} . From ζ |x∆ =1l and F∆= ∅
it follows that D= 〈p∆〉 is a proper connected subplane. Put ∆|D=∆/K. By Stiffness,
dimK≤ 14, D is not flat, dimD≥ 4 and dimK≤ 8. Hence ∆:K≥ 15, and ∆/K is a
Lie group by [54] 71.2 and [34]. We may assume, therefore, that N≤K. If D<•P , then
dimK< 8 by Stiffness, and dim∆|D≥ 16. The same is true, if dimD=4: in this case D
is classical ([54] 72.8), AutD has no subgroup of dimension 15, and ∆/K∼=PSL3C. If
dimK=8, then K1∼=SU3C, ∆/K1 is a finite covering of ∆/K, and ∆ would be a Lie
group.
(b) Suppose first that D=FN<•P . Then K is compact and [52] 2.1 applies to ∆|D : either
D is the classical quaternion plane, ∆/K is the elliptic or hyperbolic motion group of D ,
and 2≤ dimK≤ 5, or D is a Hughes plane, ∆′/K∼=SL3C, and dimK≥ 6.
(c) In the first case, the motion group ∆/K is covered by a subgroup Υ⊜U3(H, r) of
∆, see [54] 94.27. The representation of Υ on K/N shows that K≤CsΥ . We may
assume that K is connected, since dimK1Υ= dim∆ and ∆ is connected. Moreover, the
center Z of K has positive dimension: because K is not a Lie group, the claim follows
from the structure of compact groups as described in [54] 93.11. The stabilizer Π=∆p
of a non-absolute point p∈D fixes also the polar L of p, and Π/K⊜U2H×U1H. In
particular, Π is compact and dimΠ≥ 15. Choose s∈L\D and z ∈ ps\{p, s} , and note
that Πs ∩K=1l because 〈D, s〉=P . Hence Πs and Λ=(Πs,z)1 are Lie groups. From [54]
96.11 it follows that Π :Πs, Πs :Λ≤ 7, and dimΛ> 0. As N≤Z≤Cs∆≤CsΛ , we conclude
that 〈sZ, p, z〉≤FΛ , and FΛ is a connected subplane; in fact, FΛ<•P (otherwise Z would
be a Lie group by [54] 32.21 and 71.2). Stiffness implies Λ≤Spin3R. The involution ι∈Λ
induces an involution ι= ι|D on D , and FΛ=Fι . If ι is planar, then D ∩Fι<•Fι , and the
lines of Fι are 4-spheres (see [54] 53.15 and [48] 3.7). If ι is a reflection, then the axis A
of ι is a 4-sphere contained in a line of Fι . From [54] 51.20 it follows that the lines of Fι
are manifolds, and then H =L ∩Fι≈ S4 .
(d) The structure theorem [54] 93.11 for compact Lie groups together with [54] 93.19
shows that K is commutative or a product of a commutative central group A with a
factor Ω∼=Spin3R. In the latter case dimΠ≥ 17 and Λ∼=Spin3R. As AutΩ∼=SO3R, the
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involution ι∈ Λ centralizes K, and HK=H . Therefore the compact connected group K
acts freely on sK⊂H ≈ S4 , and Richardson’s theorem ([54] 96.34 or (†)) implies that K is
a Lie group contrary to the assumption.
(e) In the second case mentioned in step (b) or if D<FN , the plane FN is a Hughes
plane, ∆ has a subgroup Υ∼=SL3C, and dimK∈{6, 7} . By [54] 86.33, there exists a ∆-
invariant 4-dimensional classical complex subplane C . If dimD=4, we will change the
notation and put D=FN . By Stiffness, K is compact, and K acts freely on the set of
points outside D . The structure of the compact Lie group K/N implies that Υ≤CsK . As
proved in [54] 86.34, the center 〈ζ〉∼=Z3 of Υ acts effectively on D and fixes each element
of C . Consider a point z which is not incident with a line of C . Because D is a Baer
subplane, there is a unique line L of D with z ∈L, and Lζ 6=L. The stabilizer Υz fixes
each point of zK⊂L and of zζK⊂Lζ . Both orbits of z are homeomorphic to K; their
dimension is at least 6. Hence 〈zK, zζK〉=P and Υz =1l. It follows that zΥ is open in P ,
and ∆ would be a Lie group by [54] 53.2.
(f) Only the following possibility remains: D=FK=FN is the classical complex plane,
∆:K=16, and ∆ has a subgroup Υ⊜ SL3C inducing the full automorphism group on D
(see [54] 94.27). All involutions in Υ are conjugate, they are either planar or reflections
of P . There are lines which do not intersect the point set of D ; dually some points are
not incident with a line of D .
(g) If ι∈Υ is a reflection of P , then for L∈D the translation group with axis L is
isomorphic to R4 . Each translation τ is uniquely determined by its axis and a pair
p, pτ with pτ 6= p∈D . As K|D=1l, it follows that K≤Cs τ . The almost simple group
Υ is generated by all these translations. Hence Υ≤CsK . Choose a point z such that
∀L∈D z /∈L. If dimΥz =0, then z∆ is open in P , and K would be Lie group by [54] 53.2.
Therefore dimΥz > 0. Moreover, 〈zK〉 is a subplane, or else zK is contained in some line
L=LK ∈D . From K≤CsΥ it follows that Υz|〈zK〉=1l and 〈zK〉<P , in fact, 〈zK〉 <•P
(if not, then K|〈zK〉 is a Lie group, and we may assume that N|〈zK〉=1l, but then zK⊆FN
contrary the choice of z ). By Stiffness, Υz is a compact Lie group, and an involution ι∈Υz
would be planar.
(h) Suppose next that ι is planar and that K≤CsΥ . Then 〈D,Fι〉=P because ι|D 6=1l
and D 6≤Fι . Hence K acts effectively on Fι . We have Γ=CsΥι∼=GL2C and dim ΓK=15.
Stiffness implies dim ΓK|Fι =h≥ 12. According to a theorem of Priwitzer [34], ΓK induces
a Lie group on Fι , but K∼=K|Fι and K is not a Lie group. Therefore Υ has a non-trivial
representation on the Lie algebra of K/N , and [54] 95.10 shows that Υ∼=SL3C.
(i) Again by Stiffness, the almost simple commutator group Γ′∼=SL2C induces on Fι a
group PSL2C∼=SO3C. Note that ι|D is a reflectiom of D . The line L of P such that
L ∩D is the axis of ι|D intersects Fι in a line S=L ∩Fι , and SΓ′ =S . An involution of a
compact subgroup Φ∼=SO3R of Γ′|Fι cannot have the axis S (use [54] 55.35 and simplicity
of Φ). Hence such an involution fixes a Baer subplane of Fι . Consequently, S≈ S4 , see
[54] 53.15 and [48] 3.7. The set L ∩D⊆S is Γ′ -invariant. From Richardson’s theorem
[54] 96.34 it follows that the fixed points of Φ in S \D form a circle C . The group N is in
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the center of ∆, we have N≤CsΦ and CN=C . By [33] 6.1 Th. 3, the induced group N|C
is a Lie group, and we may assume that N|C =1l. Now D<•FN<•P , and Stiffness implies
that K is compact, but then Υ acts trivially on K/N (use [54] 93.19 and 94.31(c) ). This
contradicts step (h). 
3.1 Semi-simple groups. If F∆= ∅ and ∆ is semi-simple, and if dim∆> 24, then P
is a Hughes plane.
Proof. (a) The assertion is true, if the center Z=Cs∆ contains an element ζ 6=1l.
There is some point x such that xζ = x (see 2.1) and ζ |x∆ =1l. As F∆= ∅ , the orbit x∆ is
not contained in a line, and D= 〈x∆〉 is a connected proper subplane. Put ∆∗=∆|D=∆/K
and Λ=K1 . If D is flat, then ∆:Λ≤ 8, dimΛ≤ 14, and dim∆≤ 22. Suppose that
dimD=4. Then [54] 71.8 shows that dim∆∗≤ 8 or ∆∗∼=PSL3C. In the first case, Stiffness
would imply dim∆< 22. Therefore ∆:Λ=16, and dimΛ> 8. For any point z outside
D on a line of D it follows that dim zΛ≤ 8 and Λz 6=1l. Consequently, 〈D, z〉 is a Baer
subplane, and 2.6(c,e) imply that Λ is compact and that dimΛ≤ 8, a contradiction. Hence
D<•P , Λ is a compact connected normal, hence semi-simple group, the structure theorem
[54] 93.11 shows that Λ is a Lie group, Stiffness implies Λ≤ Spin3R, and dim∆∗> 21. Now
[52] 2.1 shows that dim∆∗=35 and ∆∗∼=PSL3H as claimed.
(b) Thus we may assume that ∆ has trivial center. If a proper simple factor Γ of ∆
contains a reflection with a center c, then the complement Λ of Γ in ∆ acts trivially on
the subplane D= 〈cΓ〉=D∆ . As before, D is a Baer subplane, and then Λ∼=Spin3R, and
∆ would have a center Z 6=1l.
(c) Assume that Z=1l and that β is a planar involution in a proper simple factor Γ of
∆ of minimal dimension. Let ∆= Γ×Ψ and consider the action of Ψ on the Baer plane
B=Fβ . If Ψ fixes some point x in B , then xΓ 6=x, Ψ|xΓ =1l, xΓ is not contained in a line,
and E = 〈xΓ〉= E∆<P . Now dimΨ≤ 14, dim Γ> 8, dim E > 2, and dim Γ≤ dimΨ≤ 8
by Stiffness, a contradiction. Hence Ψ has no fixed elements in B and Ψ∼=Ψ|B , since
Z=1l and a non-trivial kernel would be isomorphic to Spin3R; moreover, Ψ 6∼=SL3C, and
[52] 2.1 implies that B= (B,B) is the classical quaternion plane and that Ψ contains one
of the 3 motion groups. Each orbit of Ψ on B is either open or a sphere of dimension 7 or
5, see [54] 13.17 and 18.32 or [52] 1.15. As β is not central, there is some conjugate βγ 6=β
in Γ . By [54] 55.38 or [31], the Baer subplanes B and Bγ have a common point c, and
cΨ⊆B ∩Bγ . Consequently, B=Bγ for each γ ∈ Γ . The simple group Γ is generated by its
conjugacy class β Γ , and Γ|B=1l. From the stiffness result 2.6(bˆ) it follows that Γ∼=Spin3R
has a non-trivial center contrary to the assumption. Hence ∆ is strictly simple.
(d) Even without assuming F∆= ∅ , the theorem is true for semi-simple groups ∆ of
dimension >28 (see [36]). Therefore it suffices to exclude the groups PO′8(R, r), 0≤ r≤ 4,
and the complex group GC2 = Aut(O⊗C). For r < 4, the orthogonal groups contain a
subgroup SO5R and cannot act on P by 2.10.
(e) A maximal compact subgroup Ω of PO′8(R, 4) is isomorphic to (SO4R)
2/〈−1l〉 . Each
factor SO4R has a subgroup SO3R>Z
2
2 , such that the elements of the latter group are
represented by diagonal matrices with entries ±1. By 2.10, the product Φ=Z 22×Z 22
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contains a reflection α , and each conjugate of α in Φ is also a reflection. Consequently,
there are exactly 3 reflections in Φ, and 2.10 implies that the central involution ω ∈Ω is
planar. Stiffness 2.6(bˆ) shows that Ω/ω∼= (SO3R)4>Z 82 acts effectively on Fω , but this
contradicts 2.10.
(f) The real form Γ=G2 is a maximal compact subgroup of Γ =G
C
2 . By 2.5, the centralizer
of any involution contains a subgroup SO4R. Hence Γ has a subgroup Z
3
2 , and then 2. 10
and 5 imply that each involution β ∈ Γ is planar, and that CsΓβ∼=SO4R. Consequently,
the centralizer of β in Γ induces on Fβ a group X∼= (SO3C)2 , and this action is effective
by Stiffness. Inspection of [52] 7.3 shows that X fixes a non-incident pair {o,W} in Fβ .
It follows that each involution in X is planar. On the other hand, X has a subgroup Z 42
and must contain a reflection by 2.10. 
Remark. If ∆ is semi-simple, F∆= ∅ and dim∆≥ 21, then ∆ is a Lie group.
Proof. It suffices to show that a maximal compact subgroup Φ of ∆ is semi-simple, cf.
[54] 93.10,11, or that the center Z of ∆ is a Lie group. Suppose that 1l 6= ζ ∈Z , and let
x be a fixed point of ζ . Then x∆ is not contained in a line, and D= 〈x∆〉≤Fζ <P . Put
∆∗=∆|D=∆/K and K1=Λ ; both ∆∗ and Λ are semi-simple. Note that D is connected,
and write dimD= d . If d=2, then ∆∗≤ SL3R and Λ∼=G2 or dimK≤ 10 (see 2.6(d) ).
Hence dim∆∗=8 and Φ is semi-simple. If d=4, then 5≤ dimΛ≤ 8, dim∆∗≥ 13, and
then ∆∗∼=PSL3C, (see [39] 5.6, [54] 71.8, or 2.14 above). By Stiffness, Λ∼=SU3C or
dimΛ=6. If D<•B<P for some (closed) subplane B , then Λ is compact by Stiffness,
and Φ is semi-simple. We may assume, therefore, that D is a maximal subplane of P ,
in particular, D=Fζ . Choose a line L∈D and a point p∈L\D . Then Kp=1l, so that
∆p acts faithfully on D . Moreover, dim∆≥ 16+6 and dim∆p≥ 10. Hence D is the
cassical complex plane, see [54] 72.8. For two distinct points a, b∈D \L, the stabilizer
Γ=∆p,a,b fixes each point of the orbit p
〈ζ〉 and of the line ab ∩D , and Γ is contained in a
group C⋊C× . As dim Γ≥ 2, the group Γ is not compact. It follows that F =FΓ is a 4-
dimensional subplane 6=D . Note that both D and F are Z-invariant. The induced groups
Z|D=Z/N and Z|F =Z/Ξ are Lie groups by [54] 71.2, and N ∩Ξ acts trivially on 〈D,F〉 ,
which coincides with P by maximality of D . Consequently, N ∩Ξ=1l and Z itself is a Lie
group, cf. [54] 94.3. Finally let D<•P . By Stiffness, Λ is compact and semi-simple, hence
Λ∼=Spin3R or Λ=1l. Thus dim∆∗≥ 18, and we may assume that dim∆< 27. Then [52]
2.1 implies ∆∗∼=PU3(H, r), and Φ is semi-simple. 
3.2 Normal torus. Assume that F∆= ∅ and that dim∆≥ 23, so that ∆ is a Lie group.
If ∆ has a normal torus subgroup Θ, then P is a Hughes plane.
Proof. The torus Θ is even central ([54] 93.19), hence it cannot contain a reflection, and
there is a planar involution ι in the center of ∆. Let ∆∗=∆|Fι =∆/K. By Stiffness,
dimK≤ 3. If Θ|Fι 6=1l, then Fι has a ∆-invariant Baer subplane and dim∆∗≤ 17 (see
[54] 86.35 or use [54] 83.11). Hence ΘEK1 and K1 6∼=Spin3R. Therefore K1=Θ and
dim∆∗> 21; moreover, ∆ fixes no element in Fι . Now [52] 2.1 implies that dim∆∗=35
and ∆∗∼=PSL3H as claimed. 
11
3.3 Normal vector group. If F∆= ∅ and if ∆ has a (minimal ) normal vector subgroup
Θ, then dim∆≤ 23.
Proof. By Lemma 2.13, the group Θ fixes some element, say a point a, and the assump-
tion F∆= ∅ implies that 〈a∆〉=D is a connected subplane of P ; moreover, Θ|D=1l and
D<P . Put ∆∗=∆|D=∆/K and note that Θ≤Λ :=K1 ; in particular, Λ is not compact,
dimD|4, and dimΛ≤ 10 by 2.6(d). If D is flat, then dim∆∗≤ 8 and dim∆≤ 18. Hence
we may assume that dimFΛ=4. Stiffness 2.6(e) yields dimΛ≤ 7. As ∆∗ fixes no element
in D , it follows from [54] 71. 4 and 8 or 2.14 that ∆∗ is semi-simple, even almost simple,
and that dim∆∗≤ 8 or ∆∗∼=PSL3C. 
Remarks. Cf. also [13] XI.10.19. Under the assumptions of 3.3, the invariant subplane
D is uniquely determined. 〈D, z〉=P for each point z /∈D (or Λ would be compact by
2.6(c) ). Hence Λ acts freely on the set of points outside D . There is a covering group
Ψ of ∆∗ in ∆, see [54] 94.27. As in [51] Th. 1(e) it follows that the involutions in Ψ are
planar or Λ≤CsΨ . Problem: is there a plane with a group ∆∼=SL3C⋉C3 and F∆= ∅ ?
4. Exactly one fixed element
Throughout this section, assume that ∆ fixes a unique line W and no point. In the
classical octonion plane, ΣW has a subgroup ∆∼=Spin10(R, 1)⋉R16 of dimension 61, cf.
[54] 15.6; in all other cases dim∆< 40 by [54] 87.7. In [46] it has been shown that P is a
translation plane whenever dim∆≥ 35.
4.0. If F∆= {W} and if dim∆≥ 23, then ∆ is a Lie group.
Proof. (a) There exist arbitrarily small compact central subgroups N≤∆ of dimension 0
such that ∆/N is a Lie group, cf. [54] 93.8. If N acts freely on PrW , then each stabilizer
∆x with x /∈W is a Lie group because ∆x ∩N=1l. By [54] 51.6 and 8 and 52.12, the
one-point compactification X of PrW is homeomorphic to the quotient space P/W , and
X is a Peano continuum (i.e., a continuous image of the unit interval); moreover, X is
homotopy equivalent to S16 , and X has Euler characteristic χ(X) = 2. According to a
theorem of Lo¨wen [28], these properties suffice for ∆ to be a Lie group.
(b) Suppose now that xζ =x for some x /∈W and some ζ ∈Nr1l. By assumption, x∆ is
not contained in a line and hence generates a ∆-invariant subplane D= 〈x∆〉≤Fζ <P .
Put ∆∗=∆|D=∆/K. If D is flat, then dim∆≤ 6+14 by Stiffness; similarly, dimD=4
implies dim∆≤ 12+8. Hence D<•P , K is compact, dimK< 8, dim∆∗≥ 16, ∆∗ is a
Lie group ([34]), and we may assume that 1l 6=N≤K. If even dim∆∗> 16, then [52] 1.10
shows that D is the classical quaternion plane, because ∆∗ does not fix a flag.
(c) If ∆ is not transitive on S=W ∩D , then there are points u, v, w∈S such that
∆:∆u,v,w≤ 9. Choose a line L of D in the pencil Lv \{W} and a point z ∈L\D , so
that ∆z ∩K=1l and ∆z acts faithfully on D . In particular, ∆z fixes L and ∆z is a Lie
group. Moreover, dim z∆L < 8 (or else K would be a Lie group by [54] 53.2). Therefore
∆:∆z≤ 3+4+7=14 and Λ=(∆z,u,w)1 satisfies dimΛ≥ 3. Equality is possible only if ∆
is triply transitive on V = v∆ . Next, it will be shown that FΛ is connected. If dimK< 7,
then D is classical and Λ fixes all points of a circle in S containing u, v, w . By [54] 55.32,
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the compact group K has no subgroup T2 . Hence K1 is commutative or an almost direct
product of Ω⊜ SO3R with a commutative group. From [54] 93.19 it follows that Λ acts
trivially on the commutative factor A of K1 . If dimK> 3, then zA⊆FΛ has positive
dimension. In any case, dimFΛ≥ 2. As N acts freely on L\D and groups of planes of
dimension ≤ 4 are Lie groups (cf. [54] 32.21 and 71.2), it follows that FΛ<•P . Stiffness
implies Λ∼=Spin3R. Consequently, ∆z is doubly transitive on V \{v}≈R3 , the group
∇=(∆z,u)1 is 6-dimensional, and ∇|V ∼= eR ·SO3R. Now dimΛ|V =1, but the almost
simple group Λ does not have a 1-dimensional factor groip.
(d) The previous step shows that ∆ is transitive on S =W ∩D . Hence S≈ S4 , and ∆
has a subgroup  ∼=U2H∼=Spin5R, see [54] 53.2, 96.19–22, 55.40, and 94.27. The central
involution σ of  induces on D a reflection with axis S . As its center is not fixed by
∆, it follows from [54] 61.13 that ∆∗ contains a transitive translation group with axis S .
Therefore ∆:K≥ 18 and D is classical. By the last part of 2.10, the involution σ is
even a reflection of P , and σ∆σ=T∼=R8 is normal in ∆. The group ∆|D is contained
in SL2H·H×⋉R8 . Either ∆|S is compact, or ∆ has a subgroup Υ∼=SL2H. In the first
case, ∆|S =|S ∼=SO5R. For v, w∈S , the stabilizer ∆v fixes a second point u∈S , and
∆:∆u,v,w=4+3. Choose a line L of D in the pencil Lv \{W} , a point z ∈L\D , and put
Γ=∆L,w . Then ∆:Γ≤ 11, and Λ=(Γz)1 satisfies dimΛ≥ 4. Again Λ is a Lie group since
N acts freely on L\D . As D is the classical quaternion plane, any collineation which fixes
3 collinear points of D even fixes all points of a circle. Hence FΛ is connected. By [54]
32.21 and 71.2, we have zN⊆FΛ<•P . Now Stiffness would imply dimΛ≤ 3 contrary to
what has been stated before.
(e) In the case SL2H∼=Υ≤∆, choose z∈W \D and p /∈D ∪W. As K acts freely outside D ,
[54] 53.2 implies dim z∆< 8 and dim p∆< 16. Consequently, Λ=(∆p,z)
1 has positive di-
mension, and Λ is a Lie group because Λ ∩K=1l. Moreover, 〈pN, zN〉≤FΛ<P . The orbit
pN is contained in a unique “inner” line L of D intersecting W in a point v . Hence the
line pz does not belong to D ; it intersects D in a unique inner point a, and av 6=L,W .
By definition, Λ fixes L, v, and a and hence 3 distinct lines of the quaternion plane D in
the pencil Lv . Therefore FΛ is connected. Again dimFΛ> 4, FΛ<•P , and Λ is isomor-
phic to a subgroup of Spin3R. In particular, Λ is compact and there exists an involution
λ∈Λ with Fλ=FΛ . If dim∆=23, then a maximal compact subgroup is isomorphic to
 and ∆ is a Lie group. Therefore dim∆> 23, dimΛ> 1, and Λ∼=Spin3R. Obviously
λ= λ|D 6=1l, λ is not conjugate to the central involution σ of , and Richardson’s the-
orem (†) shows that Λ does not fix a 2-sphere in S =W ∩D . Therefore λ is a reflection
with center v and some axis au ∩D . Up to conjugation, aΥ= a. As Υv is (doubly) trans-
itive on S \{v} , the dual of [54] 61.19 shows that the elation group ∆∗[v,av] is transitive.
Consequently ∆:K=27, and then dimΛ≥ 5, a contradiction. 
4.1 Theorem. If ∆ is transitive on W , then P is classical .
Proof. By [54] 42.8 and 44.3, the space W is locally contractible and ∆|W is a locally
compact transformation group with a countable basis. Hence [23] Cor. 5.5 applies and W
is a topological manifold, in fact, W ≈ S8 , see [54] 52.3. From [54] 96. 19, 21, and 22 it
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follows that ∆|W has a subgroup SO9R; it is covered by an almost simple subgroup Φ≤∆
(cf. [54] 94.27). The last part of 2.10 implies that Φ∼=Spin9R. The central involution
σ∈Φ is a reflection with axis W and some center c. By assumption c∆ 6= c, and 2.9 shows
that the translation group σ∆σ=T has dimension dim c∆> 0. As ∆ is transitive on W ,
each group ∆[z,W ] with z ∈W has the same dimension, and then T∼=R16 by [41] or [54]
61.13, and dim∆≥ 52. 
For a related result see [54] 81.19.
Without the restriction |F∆|=1, Priwitzer [35], [36] has treated semi-simple groups of
dimension ≥ 29. She proved in particular:
4.2 Theorem. If P is not classical, if ∆ is semi-simple, F∆ 6= ∅, and dim∆> 28,
then ∆∼=Spin9(R, r) with r≤ 1, the central involution of ∆ is a reflection, and F∆ is a
non-incident point-line pair .
4.3 Semi-simple groups. If F∆=W and if ∆ is semi-simple, then dim∆≤ 16 or
dim∆=21 and ∆ is almost simple or ∆ may be a product of at most 7 factors isomorphic
to the simply connected covering group of SL2R. If dim∆> 13, then ∆ is a Lie group,
see [53] for a proof.
4.4 Normal torus. Suppose that ∆ is a Lie group, that dim∆≥ 18, and that ∆ has
a normal torus subgroup Θ. Then the fixed elements of the involution ι∈Θ form a ∆-
invariant classical quaternion plane B=Fι .
Proof. F∆= {W} implies that ι is not a reflection. Put ∆∗=∆|B=∆/K, and note
that F∆∗ = {W} . Stiffness shows K1∼=Spin3R or dimK≤ 1. If ∆∗ is semi-simple or has
a normal torus, in particular, if Θ∗ 6=1l, then ∆:K≤ 13 by [52] 3.1,2, and dim∆≤ 16.
Hence ∆∗ has a normal vector subgroup, Θ∗=1l, ΘEK, and Θ=K1 . From [52] 3.3 it
follows that B is classical or dim∆∗≤ 16. In the second case, dim∆< 18. 
Remark. Even if ∆ induces on B the full affine group or if ∆ is an affine Hughes group
(i.e., the 28-dimensional stabilizer of an interior line in a proper Hughes plane), it seems
to be difficult to describe all the corresponding planes, cf. [52] 3.2 Remark.
4.5 Normal vector group. If Θ∼=Rt is a minimal normal subgroup of ∆ and if
dim∆≥ 33, then the connected component T of the translation group ∆[W,W ] is a vector
group of dimension at least 2. Moreover, Θ≤T, or t=8 and dimT≥ 7, or t=12 ([45]).
Remarks on the proof. (a) If a one-parameter subgroup Π≤Θ is straight, then Π≤T .
As Π is not compact, FΠ is not a Baer subplane, and Π≤∆[z] for some center z . In fact,
z ∈W and Π≤∆[z,W ] , because z∆ 6= z and Π∆ is contained in the commutative group Θ.
From z∆ 6= z it follows also that T is commutative, Π<T and dimT> 1.
(b) If some one-parameter subgroup Π≤Θ is not straight and if t < 8, then dim∆≤ 32.
Some orbit bΠ is not contained in a line, and 〈bΠ〉 is a subplane of P . Choose ̺∈Π\{1l} ,
put Λ=(∆b,̺)
1 , and note that Λ≤CsΠ . Hence Λ|〈bΠ〉=1l, and the stiffness result 2.6(e)
shows that Λ∼=G2 or dimΛ≤ 8. The dimension formula yields
dim∆= dim b∆+ dim∆b= dim b
∆+ dim ̺∆b + dimΛ≤ 16+ t+ dimΛ .
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In the second case dim∆< 32. If Λ∼=G2 , then Λ≤CsΘ, since ΠΛ=Π and Λ has irre-
ducible representations only in dimensions 7, 14 or larger. It follows that 〈bΘ〉 is contained
in the flat plane FΛ . Note that Θb≤∆b,̺ , that Θ1b ≤Λ , and that Λ is compact. Hence
Θ
1
b =1l, dimΘb=0, dim b
Θ= t≤ 2, and dim∆≤ 32 as claimed.
(c) For each t≥ 8 the proof in [45] uses the irreducible representation of ∆ on Θ. The
arguments are different for distinct values of t. They are rather involved and shall not be
reproduced here.
4.6 Translation group. If F∆= {W}, if ∆ has a normal vector subgroup, and if
dim∆≥ 35, then the translation group T is transitive ([46]).
Remarks on the proof. (a) T contains a minimal normal subgroup Θ∼=Rt of ∆. In a
first step, we show that t≥ 6. Choose some point a /∈W and put Γ=(∆a)1 . For ̺, ̺′ on
one-parameter groups in Θ with different centers, the group Λ=(Γ̺ ,̺′)
1 fixes a connected
subplane and Stiffness applies. We have 19≤ dim Γ≤ 2t+ dimΛ≤ 2t+14 and t > 2. If
Λ∼=G2 , then Θ ∩CsΛ∼=R2 . Hence t≥ 9 or dimΛ≤ 8 and t≥ 6.
(b) Suppose that t=6. Then Λ 6∼=SU3C and dimΛ< 8. Consequently dim ̺Γ=6, ̺Γ is
open in Θ for each ̺, and Γ is transitive on Θ\{1l} . Similarly, Γ is doubly transitive
on the 5-dimensional projective space PΘ consisting of the one-dimensional subspaces
of Θ. Put Γ˜= Γ|Θ= Γ/K, and note that 〈aΘ〉≤•P . From [54] 96.17 it follows that Γ˜ is
isomorphic to PSL3C. Therefore dimK=3 and 〈aΘ〉=B is a Baer subplane. [50] Th. 3.3
or [52] 7.3 implies that B is the classical quaternion plane. Hence Γ˜ would be contained
in H×· SL2H, which is impossible.
(c) Similarly, for each t < 16 a contradiction can be derived from dimT< 16 and a detailed
analysis of the representaion of ∆ on Θ in combination with the consequences of the
assumptions on ∆ as a group of automorphisms of P . The complicated proofs in [46]
shall not be repeated here.
4.7 Lemma. Suppose that F∆= {W} and that dim∆≥ 35. If Θ∼=Rt is a minimal
normal subgroup of ∆ and if Θ≤T, then 8≤ t ≡ 0 mod 2.
Remark. The claim is contained in steps (1)–(10) of the proof in [46]; note that these steps
do not use the assumption dimT< 16.
4.8 Translation complement. Under the assumptions of 4.6, the plane P is the
classical octonion plane or a complement Γ=∆a of the translation group T contains one
of the groups SL2H · SU2C or SU4C ·H with H=SU2C or SL2R, and dim∆=35.
Remarks. A proof of Theorem 4.8 is due to Ha¨hl [17], who also determined all planes such
that Γ has a factor SU4C, see [18] and 4.12 below. By different arguments we will show
the following weaker result:
4.9 Proposition. Suppose that P is not classical. Under the assumptions of 4.7 and
4.8, either Θ∼=R8 and Γ′∼=H′·SL2H, or Θ=T and Γ′ has a proper semi-simple factor B
acting faithfully and irreducibly on some 8-dimensional subspace Ξ<T .
Proof. (a) We may assume that dim∆< 38 and 19≤ dim Γ≤ 21. In fact, coordinatizing
quasi-fields of all translation planes with a group of dimension at least 38 have been
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determined by Ha¨hl, see [54] 82.28 and [19]. There are two large families of such quasi-
fields, the so-called generalized mutations and the perturbations of the octonion algebra O.
In the first case, it follows from [54] 82.29 that the full automorphism group Σ of the
corresponding plane fixes a flag. Now let ̺ be a homeomorphism of the interval [0,∞)
with 1̺=1. The multiplication of the perturbation O(̺)= (O,+, ◦) is defined by
c ◦ z= cz0+ ‖c‖̺−1c z and 0 ◦ z=0 .
Obviously, each automorphism of O is also an automorphism of O(̺) . The plane over O(̺)
admits even a subgroup Φ∼=Spin7R fixing the points (0) and (∞) on W , see [54] 82.5(a).
It follows that (0) and (∞) are fixed points of the full automorphism group if the plane
is not classical. Thus in both cases F∆ 6= {W} . Because of 4.6, we may also assume that
Γ contains a one-parameter group P of homologies.
(b) Of the cases t∈{10, 12, 14} of Lemma 4.7 the last one is quite easy: the commutator
group Γ′ is semi-simple by [54] 95.6, moreover, 17≤ dim Γ′≤ 20. According to [54] 95.10,
the group Γ′ is not almost simple, and Γ′=AB is a product of an almost simple factor A
of minimal dimension and the semi-simple centralizer B= Γ′∩CsA , and dimB≥ 10. Clif-
ford’s Lemma [54] 95.5 implies that B acts faithfully and irreducibly on R7 . Now B is
a group of type G2 and dimension 14, Γ: Γ
′< 2, dim Γ′> 17, and then dimA=6 and
A⊜ SL2C. Again by Clifford’s Lemma, A acts faithfully and irreducibly on R
s with s|14,
but this contradicts [54] 95.10 and shows that t 6=14.
(c) Similarly, t=10 is impossible: note that Γ acts faithfully on Θ. The only almost
simple group in the dimension range for Γ′ admitting a 10-dimensional irreducible repre-
sentation is SO5C, but this group contains SO5R which cannot act on P , see 2.10. Again
Γ′=AB is a product of proper factors with dimB≥ 10. Clifford’s Lemma implies that B
acts faithfully and irreducibly on R5 , and then B is a group O′5(R, r) with r > 0. The
fixed elements in Θ of a suitable subgroup of B form an A-invariant 2-dimensional vector
space on which A acts faithfully, dimA=3 and dim Γ′=13 contrary to the hypothesis.
(d) The case t=12 is more complicated. An almost simple group Γ′ would be locally iso-
morphic to Sp4C and has no irreducible representation on R
12 . Therefore Γ′=AB, where
A is a factor of minimal dimension and 10≤ dimB≤ 17. By complete reducibility, Θ has
a Γ′ -invariant complement X in T . Suppose that aX is contained in a line av, v ∈W .
Then vΓ
′
= v 6= vζ for some ζ in the center of Γ , and Γ′ fixes the triangle a, v, vζ . For τ ∈X,
the centralizer Λ= Γ′∩Cs τ fixes also the point aτ
ζ
, hence a quadrangle, dimΛ≥ 13, and
Stiffness yields Λ∼=G2 and Λ|X=1l, but dimFΛ=2.
(e) Consequently, 〈aX〉=F is a subplane, and F <P (or Γ′ would act faithfully on
X∼=R4 ). Put Γ′|F = Γ′/K, and note that Γ′|F ≤ SL4R. If dimF =4, then Stiffness implies
dimK≤ 8 and Γ′ :K> 8, which is impossible. Hence F<•P , A=K∼=SU2C, dimB≥ 14,
and B∼=SL4R. If τ ∈T is a translation of P such that aτ ∈F , then aτX⊆FX=F and
F τ = 〈aX〉τ = 〈aτX〉=F . Therefore F is a translation plane, dimAutF ≥ 23, and F is
the classical quaternion plane by [54] 81.9 or 84.27. (In fact, an 8-dimensional plane is
classical, if it has an automorphism group of dimension ≥ 19, see [52] 1.10.) It follows that
B∼=SL2H, a contradiction. This proves that Θ∼=R8 or Θ=T .
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(f) If Γ acts faithfully and irreducibly on Θ∼=R8 , then Γ′=AB with A∼=H′ and B∼=SL2H.
Proof: The group Γ′ is semi-simple by [54] 95.6, and again 17≤ dim Γ′≤ 20. If Γ′ is al-
most simple, then dim Γ′=20. The list [54] 95.10 of irreducible representations shows that
Γ
′∼=Sp4C∼=Spin5C. The central involution in Γ′ is a reflection with center a because Γ
has no fixed point on W . The involution ω=diag (1, 1,−1,−1) is either planar or a re-
flection with some center u∈W , and Ω= Γ′ ∩Csω∼= (Sp2C)2∼= (SL2C)2 . If Fω<•P , then
Ω induces on W ∩Fω≈ S4 a group (P)SL2C×SO3C, and a maximal compact subgroup
Φ of Ω acts as SU2C×SO3R or as (SO3R)2 in contradiction to Richardson’s Theorem
[54] 96.34. If ω ∈∆[u,av] , then Ω fixes the triangle a, u, v , and [54] 81.8 implies that Ω
has a compact subgroup of codimension at most 2, but Ω :Φ=6. Hence Γ′=AB is a
product of an almost simple factor A of minimal dimension and the semi-simple central-
izer B= Γ′∩CsA , and dimB≥ 10. By Clifford’s Lemma [54] 95.5, B acts faithfully and
irreducibly on a subspace Ξ of Θ of dimension 4 or 8. In the second case, A∼=H′ and
B∼=SL2H. If Ξ∼=R4 , then B is isomorphic to Sp4R or SL4R. A suitable subgroup of
B fixes a one-parameter subgroup of Ξ and of each B-invariant complement of Ξ in Θ,
and A acts on a 2-dimensional subspace of Θ. Consequently, A∼=SL2R and B∼=SL4R.
If aΞ⊆ av with v ∈W , then vB= v 6= vA , and B fixes a triangle a, u, v . By [54] 81.8, a
maximal compact subgroup Φ of B has codimension B :Φ≤ 2, but Φ∼=SO4R is much too
small. Thus Ξ contains translations ξ, η with different centers, the stabilizer Λ=(BP)aξ,aη
fixes a quadrangle, and Stiffness implies Λ∼=SU3C, but then Λ is not contained in SL4R.
(g) Suppose now that Γ˜= Γ|Θ= Γ/K with K 6=1l. Then 〈aΘ〉≤FK is a Baer subplane since
zΓ 6= z for each z ∈W . Either K∼=Spin3R∼=H′ or dimK≤ 1. In the second case, dim Γ˜≥ 18
and dimAutFK≥ 26. By [54] 84.27 the plane FK is the classical quaternion plane. Hence
Γ˜ is contained in H×· SL2H and Γ has a subgroup SL2H. Moreover, dim(Γ˜ ∩H′)≥ 2 and
H′≤ Γ . Consequently Γ′∼=H′· SL2H
(h) Only the case that Γ acts irreducibly on Θ=T∼=R16 remains. If Γ′ is almost simple,
then dim Γ′=20, and Γ′ is isomorphic to SO5C or to its covering group Sp4C. In the first
case, Γ would contain SO5R contrary to 2.10. In the second case, T is a direct sum of two
subspaces on which Γ′ acts in the natural way (see [54] 95. 6 and 10), and Γ= Γ′P would
not be irreducible on T . Therefore Γ′=AB is again a product of proper factors such that
A has minimal dimension, and 10≤ dimB≤ 17. By Clifford’s Lemma, B acts faithfully
and irreducibly on a subspace Ξ of T of dimension k|16.
(i) In the case k=4, we have either B∼=Sp4R and dimA≥ 8 or B∼=SL4R and dimA=3.
First, let dimB=10. The centralizer Ω of the involution ω=diag(1, 1,−1,−1)∈B con-
tains A·(SL2R)2 . If ω is a reflection, then Ω fixes a triangle a, u, v . By [54] 81.8, a maximal
compact subgroup Φ of Ω satisfies Ω :Φ≤ 2, but Φ :A≤ 2 and Ω :A=6. Hence Fω<•P
and Ω induces on Fω a group of dimension at least 14; moreover, T ∩Csω∼=R8 and Fω is
a translation plane. Therefore Fω is the classical quaternion plane, cf. [54] 81.9. It follows
that Ω|Fω ∼=SL2H, but A is a proper factor of Ω. Consequently, dimB=15 and Γ has a
subgroup Υ=BP∼=GL4R acting on Ξ. If aΞ⊆ av with v∈W , then vΥ= v 6= vA , and Υ
fixes a triangle a, u, v , but the maximal compact subgroup SO4R of Υ is too small (cf.
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[54] 81.8). Thus Ξ contains tranlations ξ, η with different centers, the stabilizer Λ=Υaξ,aη
fixes a quadrangle, and Stiffness implies Λ∼=SU3C, an obvious contradiction. Hence k≥ 8.
(j) Suppose next that k=16. As A≤CsB , it follows from [54] 95.4 that A∼=H′ . There-
fore 14≤ dimB≤ 17, and B acts irreducibly on H4 . The list [54] 95.10 shows that B is
not almost simple. Clifford’s Lemma implies that each proper factor N of B is contained
in SL2H, in particular, N has torus rank rkN≤ 2, and B is composed of factors H′ ,
U2(H, r), and SL2H, but then the conditions on rank and dimension cannot be satisfied
simultaneously. 
Based on his previous papers [25] and [26], Lo¨we [27] explicitly determined not only the
planes of the first case in 4.9, but all translation planes admitting a group locally isomorphic
to SL2H.
4.10 Construction. Choose a continuous map µ :H′→ eR . Write η∗=(η t)−1 and put
Ψ=
{(
η∗
η
) ∣∣ η∈ SL2H}. For h∈H, let Lh= {(x, hx) | x∈O} . Then E = {(H, ℓH)⊂O2}
and the “lines” Lhµh with h∈H′ together with all their Ψ-images form a spread Sµ .
Obviously Ψ acts on the translation plane Pµ defined by this spread, see [27] for proofs.
Let again Γ=∆a denote a complement of the translation group, and consider the subgroup
Ω=SΓ= {γ ∈ Γ≤GL16R | det γ=1} . In our terminology, Lo¨we’s main result [27] 3.8 can
be stated as follows:
4.11 SL2H-planes. Let P be a non-classical translation plane. If ∆ contains a subgroup
locally isomorphic to SL2H, then P is isomorphic to Pµ , where µ :H′→ eR is continuous
and not constant. There are 3 possibilities :
(1) If µ depends only on the real part of its argument, then Ω is an almost direct product
of Ψ∼=SL2H and H= {(x, y)→ (hx, hy) | h∈H′}. In particular, dimΣ=35.
(2) If µ depends only on the absolute value of the complex part of its argument, then Ω is
an almost direct product of Ψ∼=SL2H and A= {(x, y)→ (bx, cy) | b, c∈H′ ∩C}∼=T2 . In
particular, dimΣ=34.
(3) In all other cases, Ω is isomorphic to Ψ∼=SL2H or to an almost direct product of Ψ
and SO2R. Hence 32≤ dimΣ≤ 33.
4.12 SU4C-planes. As mentioned above, Ha¨hl [18] has described explicitly all translation
planes admitting a semi-simple group Υ=ΦΨ with Φ∼=SU4C and Ψ∈{SU2C, SL2R} .
Only some facts shall be stated; for the full theorem the reader is referred to [18].
(1) Let the translation group T be written in the form C4⊗CC2 . The group Φ acts in
the standard way on the left factor and trivially on the right one; Ψ acts only on the right
factor. The subspaces C4⊗C z , z ∈C2 \{0}, are affine lines .
(2)With C2=H, the map h⊗C (x, y) 7→h⊗H (x, y) yields an isomorphism T∼=H2⊗HH2 .
Let U2H= <Φ. The -invariant subspaces of T are exactly Uq =H
2⊗H (1, q) and
U∞=H
2⊗H (0, 1).
(3) Let σ : (−1, 1)→{c∈C | cc=1} be any continuous map (which satisfies σ(−s) =σ(s)
if Ψ is compact). Then σ selects a Υ-invariant spread among the subspaces described in
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(1) and (2) containing the affine lines Uq , where q has the form si+ tjσ(s)∈H, s2+ t2=1
and s, t∈ (−1, 1), their Υ-images, and the lines Uc , c∈C ∪ {∞} .
(4) Each translation plane admitting an action of the group Υ can be obtained in this way.
The plane is classical if, and only if, σ is constant; in all other cases dimΣ=35.
5. Exactly two fixed elements
For comparison with later results, [54] 87.4 shall be restated here:
Proposition. Assume that P is not classical. If dim∆=h≥ 36, and if ∆ has a minimal
normal vector subgroup Θ∼=Rt , then there are only the following possibilities :

Θ≤∆[a,W ], a /∈W
{
∆′∼=Spin9(R, r), r≤ 1 and h=37
v∆= v∈W and h≤ 38
Θ≤T=∆[W,W ]

t > 8
{
h=36
T∼=R16 and h=37
t=8⇒ Θ=∆[v,W ] or T∼=R16
t < 8⇒ Θ≤∆[v,W ], v ∈W .
The case h≥ 40 has already been described in the introduction, for h=39 it follows from
the Proposition that F∆ is a flag. If a semi-simple group ∆ of the octonion plane O fixes
a flag, then ∆ is contained in Spin8R and hence fixes even a triangle. Priwitzer’s Theorem
4.2 shows that F∆= {a,W} with a /∈W , if ∆ is a semi-simple group of a non-classical
plane, F∆ 6= ∅ , and dim∆> 28.
A. Fixed flag
5.0. If F∆= {v,W} is a flag, and if dim∆≥ 22, then ∆ is a Lie group.
This can be proved in a similar way as 4.0. Steps (a) and the first part of step (b) are the
same as before. In the present case the weaker assumption on dim∆ yields dim∆|D≥ 15,
and D is no longer known explicitly. Choose a line L of D in Lv \{W} and points
p∈L, z ∈W outside D . Put Γ=∆L and Λ=(Γp,z)1 . Recall that ∆|D=∆/K. If K is not
a Lie group, then dim pΓ, dim zΓ< 8 by [54] 53.2, and dimΛ≥ 22−4−2·7> 3. The line pz
intersects D in a unique point a. If dimK≤ 3, then dim∆|D≥ 19 and D is classical (cf.
[54] 84.28). The group Λ fixes the distinct lines L,W, av and hence a connected set of lines
in the pencil Lv . In particular, FΛ is connected. If dimK> 3, then K1 has a connected
commutative factor A and Λ acts trivially on A (see the arguments in step (c) in the
proof of 4.0). Hence pA⊆FΛ and again FΛ is connected. As N acts freely on L\D , it
follows from [54] 32.21 and 71.2 that dimFΛ> 4 and FΛ<•P . Now Λ∼=Spin3R contrary
to the statement above. 
5.1 Lie. If ∆ fixes a flag {v,W} and no line other than W, if ∆ is semi-simple, and if
dim∆> 14, then ∆ is a Lie group.
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The first part of the Proof is identical with step (a) and the beginning of step (b) in
the proof of 4.0. Let ∆|D=∆/K and Λ=K1. Note that ∆/K and Λ are semi-simple.
If dimD=2, then ∆=Λ by [54] 33.8, and dimΛ≤ 14 by Stiffness; if dimD=4, then
∆ :K≤ 3 and dimΛ≤ 8 by 2.14 and 2.6(e). Finally, if D<•P , then ∆ :K≤ 11 by [52] 7.3,
Λ is compact and semi-simple, hence a Lie group (cf. [54] 93.11 and 94.20), and dimΛ≤ 3
by 2.6(bˆ). Thus dim∆≤ 14 or N=1l. 
5.2 Semi-simple groups. If F∆ is a flag {v,W} and if ∆ is semi-simple, then
dim∆≤ 21; equality is possible only if each compact subgroup of ∆ is trivial. If ∆ is
almost simple, then dim∆≤ 16.
The following proof does not make full use of the assumption F∆= {v,W} but works also
in the case F∆= {u, v,W=uv} , see 6.2.
(a) Each involution in ∆ is planar : if σ is a reflection, then σ∆σ would be a normal
vector subgroup by 2.9 or its dual.
(b) If there exists a proper ∆-invariant subplane E , then dim∆≤ 14. This follows in the
same way as in the proof of 5.1; for discrete E , it is an immediate consequence of Stiffness.
(c) Suppose now and in the next steps that dim∆> 14. Then ∆ does not contain a central
involution, and ∆ is a Lie group by 5.1.
(d) Let Γ be an almost simple factor of ∆ and denote the product of the other factors
by Ψ. In steps (e–h), Γ is assumed to be a proper factor of minimal dimension.
(e) If Γ contains an involution ι, then Ψ|Fι =Ψ/K has dimension Ψ:K≤ 11 by [52] 7.3,
the semi-simple group K is compact, and dimK≤ 3 by Stiffness. Either dim Γ=3 and
dim∆≤ 17, or dimK=0, dimΨ 6=11, and 6≤ dim Γ≤ dimΨ∈{6, 8, 10} . In any case,
dim∆≤ 20.
(f) If Γ does not contain an involution, in particular, if dim∆> 20, then Γ is isomorphic
to the simply connected covering group Ω of SL2R, since Ω is the only almost simple Lie
group without involution.
(g) If Γ is straight and if dim∆> 14, then Γ is a group of translations and the center is a
fixed point of ∆: By Baer’s theorem, either Γ is a group of axial collineations and center
and axis of Γ are fixed elements, or D :=FΓ=D∆<•P , and dim∆≤ 14 by step (b).
(h) If no factor of ∆ has a compact subgroup other than {1l}, then dim∆≤ 21.
In fact, ∆ is a product of factors Γν ∼=Ω. At most two factors Γν consist of translations (or
they would be commutative by [54] 23.13). Either 〈x∆〉 is a proper subplane for some point
x and dim∆≤ 14 by (b), or there are factors Γν such that 〈xΓ1〉 is a non-flat subplane
(use [54] 33.8) and H= 〈xΓ1Γ2〉 ≤•P . In the latter case, put X=Ψ1 ∩Ψ2 . Then Xx|H=1l
and Xx is compact by 2.6(b), hence Xx=1l and dimX≤ 15 (X being a product of 3-
dimensional factors).
(i) From now on assume that dim∆> 20 and that Γ contains an involution ι, but is not
necessarily of minimal dimension. Step (e) implies Ψ:K≤ 11 and dim Γ≥ 8, and this is true
for each possible choice of Γ . Consequently dimK=0, and then dim Γ≥ 10. In the case
dimΨ=11, no factor of Ψ contains an involution and each factor of Ψ is isomorphic to
Ω, but then dimΨ | 9. Hence dim Γ> 10 and dim Γ≥ 14. Again Ψ is a product of factors
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isomorphic to Ω and dimΨ≤ 9. The kernel of the action of Ψ on Fι is compact and hence
trivial (cf. 2.6(b) ). As rk Γ>1, some other involution ι′ ∈ Γ commutes with ι, and Ψ acts
also effectively on Fι′ . Suppose that Fι,ι′ is a subplane. Then Ψ is even almost effective
on Fι,ι′ by the stiffness result 2.6(c), and 2.14 implies dimΨ≤ 3, dim Γ≥ 18, and then
dim Γ≥ 20. If ι′= ι′|Fι is a reflection, then Ψ fixes the center a /∈W of ι′ (up duality) or
its axis av and center u∈W . In the first case, Ψ|aΓ =1l, 〈aΓ〉=P by step (b), and Ψ=1l;
in the second case, Ψ:Ψa≤ 4, uΓ= u∆ 6= u , E = 〈aΓ, uΓ〉=EΓ≤•P by 2.14, Ψa|E =1l, Ψa
is compact, dimΨa=0, and dimΨ≤ 3. Again, dim Γ≥ 20.
(j) If dim Γ≥ 30, Priwitzer’s theorem [36] shows the following: dim Γ=36 and Γ fixes a
non-incident point-line pair, or Γ∼=SL3H and FΓ= ∅ , or the plane is classical; in the last
case FΓ is not a flag, since a maximal semi-simple subgroup in the stabilizer of a flag is
isomorphic to Spin8R. The case |F∆|=3 is also covered by Theorem 6.2. Therefore, only
groups Γ with dim Γ< 30 have to be discussed. 2.16 shows that Γ 6∼=GC2 . According to
step (c), Γ does not contain a central involution. By 2.10 and 2.11, neither SO5R nor
(SO3R)
2 can be a subgroup of Γ . These facts exclude the group SO5C of dimension 20 and
leave only the following 9 possibilities: PU3(H, r) and PSp6R of type C3 , (P)SU5(C, r)
of type A4 . For each of these groups a contradiction will be derived.
(k) The symplectic group contains 3 pairwise commuting conjugate involutions. Such
an involution ι must be planar, its centralizer Υ is locally isomorphic to SL2R×Sp4R.
Stiffness implies dimΥ|Fι =13, which contradicts [52] 7.3, see also [54] 84.18. Similarly,
the compact group PU3H contains a planar involution ι such that Υ=Cs ι is locally
isomorphic to U2H×H′=Spin5R×Spin3R. By [54] 96.13 or by Richardson’s classification
of compact (Lie) groups on S4 (see [54] 96.34), the 10-dimensional factor of Υ is transitive
on W ∩Fι≈ S4 and cannot fix the point v . Finally, let Γ∼=PU3(H, 1). Then Γ has 3
pairwise commuting involutions α, β , and γ=αβ such that α and β are conjugate and
hence are planar. The centralizer Υ=Cs β is locally isomorphic to U2(H, 1)×H′ , and
dimΥ|Fβ ≤ 11 by [52] 4.1 or 7.3. Therefore the compact factor of Υ acts trivially on Fβ ,
and γ is also planar. The group U2H<Cs γ acts faithfully on Fγ ; for the same reason as
before, it cannot fix a flag.
(ℓ) Lastly, let dim Γ≥ 24. The compact group (P)SU5C has two conjugacy classes of
pairwise commuting (diagonal) involutions consisting of 5 and of 10 elements respectively,
but this contradicts 2.10. If r > 0, then some diagonal planar involution ι has a centralizer
Υ∼=SU4(C, r−1); on the other hand, dimΥ|Fι ≤ 11 by [52] 7.3. This contradiction shows
that Γ is not of type A4 .
(m) Conclusion. In steps (h–ℓ), the following has been shown: If dim∆> 20 and if Γ is
an almost simple factor of ∆, then Γ does not contain an involution, and dim∆=21; if
dim∆≤ 20 and ∆ is almost simple, then dim∆ 6=20 and hence dim∆≤ 16. 
5.3 Normal torus. If F∆= {v,W} is a flag, if ∆ is a Lie group with a normal subgroup
Θ∼=T, and if dim∆≥ 18, then there exists a ∆-invariant Baer subplane which is a known
translation plane.
Proof. Note that Θ≤Cs∆ (see [54] 93.19). The involution ι∈Θ cannot be a reflection,
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and Fι<•P . Write ∆∗=∆|Fι =∆/K. Obviously, ∆∗ fixes exactly v and W . If Θ acts non-
trivially on Fι , then ∆ :K≤ 11 by [52] 4.2, Stiffness gives dimK≤ 3, and dim∆ would
be too small. Hence Θ≤K, K1 6∼=Spin3R, dimK=1, and dim∆∗≥ 17. As v and W are
fixed, Fι is not a Hughes pane, and the claim follows from [52] 1.10. 
Recall from 2.3 that we put Σ= AutP . The following has been proved in Lu¨neburg’s
dissertation [32]:
5.4 Large groups. Assume that dim∆≥ 38, that F∆= {v,W} is a flag, and that Υ is
a maximal semi-simple subgroup of ∆. Then there are 3 possibilities :
(a) P or its dual is a translation plane,
(b) Υ∼=Spin7R, dimΣ=38, and ∆[v,W ]∼=R8 ([32] V Satz),
(c) Υ∼=G2 is a maximal compact subgroup of ∆; if dim∆=39, then ∆[v,W ]∼=R8 and,
up to duality, ∆ is transitive on L\Lv and hence on W \{v}
([32] VI Kor. 5, Satz 5, and Kor. 3).
Remarks. All translation planes with dimΣ≥ 38 have been determined by Ha¨hl, see [54]
82.28,29 and [16], [19]. No substantial progress has been made in the meantime.
A few additional results can be obtained in case (c) of the preceding theorem:
5.5 Proposition. Suppose that dim∆=39, that F∆= {v,W} is a flag, and that neither
P nor its dual is a translation plane. Let Υ denote a Levi complement of √∆, choose
a /∈W , and put Γ= (∆a)1 . Then
(a) FΥ is isomorphic to the classical real plane PR ,
(b) if aΥ= a, then dim a∆≥ 15,
(c) ∆ is transitive on P \W and, dually, on L\Lv , or Γ[u]=1l for each u∈W \{v} ;
if ∆[a] 6=1l, then dim a∆=15 and ∆[a] does not contain an involution,
(d) if aΥ= a, then a∆ is open in P or dim∆[v,av]=1.
Proof. (a) The representation of Υ∼=G2 on the Lie algebra l
√
∆ together with [54] 95.10
shows that dimCs∆Υ=4. By [54] 96.35 the fixed points of Υ on W form a circle S . Du-
ally, Υ fixes a one-dimensional set of lines in each pencil Ls with s∈S . Therefore FΥ is
a flat subplane. Stiffness implies that the connected component of CsΥ acts effectively on
FΥ . According to [54] 33.9(a), either FΥ is classical, or CsΥ fixes exactly a non-incident
point-line pair.
(b) Note that Υ is a Levi complement of P=
√
Γ . Choose b /∈W∪ av , and consider a
minimal Γb -invariant subgroup Ξ∼=Rs of ∆[v,W ]∼=R8 . As Γ does not act irreducibly on
∆[v,W ] , we have s< 8. For c∈ aΞ \{a} , the action of Λ=(Γb,c)1 on Ξ shows Λ 6∼=G2 .
The stiffness result 2.6(e) implies dimΛ≤ 8 and dim Γb≤ 15. Now let ∆ :Γ= dim a∆= k ,
and choose b∈ a∆ . Then 39= dim∆≤ 2k+ dim Γb≤ 2k+15. Consequently k≥ 12 and
dim Γ≤ 27. We have Γ=ΥP with dimP< 14. The representation of Υ on lP shows
dimP=7+ dim(P ∩CsΥ)≤ 7+3 and dim Γ≤ 24.
(c) Suppose that dim a∆=15 and that Γ[u] 6=1l. Put L= av and E=∆[v,L] . By [54]
61.20, we have e= dimE= dim u∆L and h= dimT[u]= dimL
∆u . We may assume that
Υ≤∇ := Γu , since u∆=W \{v} according to 5.4(c). It will turn out that e> 0. If
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∆L≤∆u and if uδ 6= u , then Lδ 6=L, and ΓLδ fixes a, u, Lδ, uδ and, hence, a quadrangle, but
dim Γ=24 and dim ΓLδ > 14, a contradiction to Stiffness. Therefore u
∆L 6= u . Analogously,
L∆u 6=L and h> 0. By assumption e, h< 8, and the action of Υ implies e, h∈{1, 7} .
Moreover, dim uΓ≤ e= dim uE≤ dim u∆[L] ≤ dim uΓ . Therefore 24= dim Γ= dim∇+ e
and dim∇≥ 17. On the other hand, dim∇≤ e+h+14 and 10≤ 2e+h. In the same
way it follows that 10≤ e+2h. Therefore e= h=7 and dim∇=17. Note that Υ and
∇ act irreducibly on E and on T[u] . The action of Υ on l∇ shows that M=∇ ∩CsΥ
satisfies dimM=3. On the other hand, M induces on E and on T[u] groups of dimension
at most 1, see [54] 95.10. Hence M has a non-trivial subgroup which acts trivially on
〈aT[u], LE〉=P . This contradiction proves the first part of the claim. The second part
follows from [54] 61.20 and 2.9 above.
(d) If a∆ is not open, then dim Γ=24. By step (c), Γ does not contain a homology with
axis av . Representation of Υ on the Lie algebra lΓ shows that dimCsΓΥ≥ 3. Put again
E=∆[v,av] and e= dimE. As has been stated in 2.15(a), Υ acts on Ξ=∆[v,W ]∼=R8 in
the same way as AutO. In this action the centralizer of Υ in AutΞ is 2-dimensional. We
have Γ ∩CsΞ≤E. If e=0, then E=1l, and Γembeds into AutΞ, so that dimCsΓΥ≤ 2.
Hence e> 0. As dim{z ∈W | zΥ= z}=1, it follows that e∈{1, 7} . If e=7, then Υ acts
irreducibly on E and E ∩CsΓΥ=1l. Again this would imply dimCsΓΥ≤ 2. 
Conjecture. If dim∆=39 and if F∆ is a flag, then P or its dual is a translation plane.
B. Non-incident fixed elements
The following has been proved in [49]; for semi-simple groups see also 4.2:
5.6 Theorem. If ∆ fixes exactly one line W and one point a /∈W , and if dim∆≥ 35,
then ∆ contains a group Spin9(R, r) with r≤ 1 and dim∆≤ 37, or ∆ is triply transitive
on W and P is the classical Moufang plane.
5.7 Almost simple groups. If 28≤ dim∆< 36, F∆= {a,W}, a /∈W , and if ∆ is
almost simple, then ∆ is isomorphic to one of the groups Spin8(R, r), r=1, 3 or to some
covering of the anti-unitary group =Uα4H⊜O
′
8(R, 2) and dim∆=28.
Proof. Because of Priwitzer’s results 4.2, it suffices to consider groups of dimension 28.
From 2.16 it follows that ∆ 6∼=GC2 . Hence ∆ is locally isomorphic to an orthogonal
group O′8(R, r). Recall from 2.10 and 2.11 that ∆ has no subgroup SO5R or (SO3R)
2 .
This excludes all groups (P)O′8(R, r). Each central involution ζ ∈∆ is a reflection (or
dim∆|Fζ =28 and a∆ 6= a). If r is even, then Spin8(R, r) has a center (Z2)2 and hence
fixes a triangle; in particular, r 6=0. Note that the double covering Spin8(R, r) of O′8(R, r)
is not simply connected for r≥ 2. In each case, let ∆˜ denote the simply connected cover-
ing group of ∆. If r≥ 2, the center of ∆ consists of homologies with axis W (or some
stabilizer ∆p would fix a quadrangle and (∆p)
1∼=G2 by Stiffness, but then r≤ 1).
(a) First let r=2. The group O′8(R, 2)⊜ has center Cs
∼=Z2 by [54] 94.32(f),33,
and 95.10. A maximal compact subgroup K of  is isomorphic to U4C and satisfies
K′∼=Spin6R. Thus  and its coverings are possible candidates for a group of automor-
phisms of a compact plane.
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(b) If r=3, then a maximal compact subgroup of ∆˜ is isomorphic to Spin5R×Spin3R,
and Cs ∆˜∼= (Z2)2 . Hence ∆ is not simply connected. Assume now that ∆ has a compact
subgroup ×Ω=Spin5R×SO3R, and choose commuting involutions α, β ∈Ω, they are
planar (as in the proof of 2.11). By [54] 96.13, the factor acts transitively on S=W ∩Fβ ,
and the central involution σ of  induces a reflection on Fβ , moreover, α|S =1l because
α fixes some point z ∈S and  is transitive on S . According to [54] 55.32, commuting
involutions with the same fixed point set are equal. Therefore α|Fβ = σ|Fβ , ασ|Fβ =1l,
ασ= β , and σ=αβ ∈Ω, a contradiction.
(c) For r=4, a maximal compact subgroup of ∆˜ is isomorphic to (Spin4R)
2∼= (Spin3R)4 ,
and Cs ∆˜∼= (Z2)4 . Consequently ∆ is simple or a double covering of (P)O′8(R, 4), but
then ∆ has a subgroup (SO3R)
2 . 
Remarks. Suppose that ∆ satisfies the conditions of 5.7 and that ∆ acts on the classical
octonion plane O . Then ∆ is contained in the affine group A=Σa,W of O . From [54] 15.6
it follows that A′∼=Spin10(R, 1), and dimA′=45. Hence ∆ intersects a maximal compact
subgroup Spin9R of A
′ in a group of dimension at least 19. This excludes all orthogonal
groups of index r > 1 (see[54] 94.33). Consequently ∆∼=Spin8(R, 1). For each z ∈W a
Levi complement of
√
Az in A is a compact group Spin8R. Hence z
∆ 6= z , and ∆ has no
fixed point other than a. No other example for the situation of 5.7 has been found as yet.
5.8 Semi-simple groups. If dim∆=28, F∆= {a,W} with a /∈W , and if ∆ is semi-
simple, then ∆ is almost simple.
Proof. Suppose first that ∆ has exactly two almost simple factors. The list [54] 94.33
shows that there are only the following two cases:
(a) ∆ has a factor Ψ∼=Sp4C with a maximal compact subgroup Φ∼=U2H and an 8-
dimensional factor Γ of type A2 . The central involution σ∈Ψ is a reflection in ∆[a,W ]
because Ψ/〈σ〉∼=SO5C cannot act on a Baer subplane. Let α=
(
1
−1
)∈Φ. The centralizer
Csα contains a group Γ·(Sp2C)2 of dimension 20. Stiffness and [54] 83.26 imply that α is
not planar. Therefore α is a reflection, its center is some point u∈W , and uΓ=u 6=uΨ by
the assumption on F∆ . In fact, uΦ 6= u because α is conjugate to ασ in Φ and the center
of ασ is incident with the axis of α . Now dim uΦ≥ 4 by [54] 96.13. Note that Γ|uΨ =1l.
From 2.17(b) it follows that Γ is not transitive on H = au\{a, u} , and there is some b∈H
such that Γb 6=1l. Hence FΓb = 〈a, b, uΨ〉 =B is a Baer subplane of P , and BΨ=B since
Γ≤CsΨ . Moreover, Ψ acts effectively on B and fixes a and W , but dim(AutB)a,W ≤ 19,
see again [54] 83.26. Thus, case (a) is impossible.
(b) ∆ is a product of two 14-dimensional factors of type G2 . The compact form is ex-
cluded by Stiffness. A maximal compact subgroup of G=G2(2) is isomorphic to SO4R.
Lemma 2.11 implies that at least one of the two factors of ∆ is the simply connected
covering group Γ of G, the other factor Ψ is locally isomorphic to G. Stroppel’s theorem
[56] 4.5 (cf. [52] 2.2) shows that neither Γ nor Ψ contains a planar involution. As both
factors have torus rank 2, the group ∆ contains a group Z 42 generated by reflections. This
contradicts 2.10 and proves that ∆ has more than two factors.
If ∆ is properly semi-simple, only the following possibilities remain:
24
(c) ∆ has a factor Ψ⊜ SL3C and some factors of dimension 3 or 6. There are 3 pairwise
commuting conjugate involutions in Ψ corresponding to diagonal elements in SL3C. If
they were reflections, their centers would be Ψ-conjugate, but one would have center a,
which is fixed. Hence there is a planar involution β ∈Ψ such that SL2C≤CsΨβ , and
Cs∆β contains a semi-simple 18-dimensional group inducing on Fβ a semi-simple group
X of dimension at least 15 (by Stiffness). Therefore, Fβ is isomorphic to the classical
quaternion plane, see [50] 3.3 or [52] 4.4. The group X is contained in a maximal semi-
simple subgroup B of (AutFβ)a,W . We have dimB=18 and B has a 10-dimensional
compact subgroup  ∼=U2H. It follows that Φ=X ∩  has dimension ≥ 7. If Φ<,
then  acts transitively and almost effectively on the coset space /Φ, and [54] 96.13(a)
would imply :Φ≥ 4. Consequently, X has a subgroup U2H, but this is impossible be-
cause X is a product of almost simple factors of dimension 3 or 6.
(d) ∆ has a factor Ψ of type A3 , a factor Υ of type C2 , and a factor Ω of dimension 3.
Several combinations are excluded by 2.10 and 11; the rank condition, in particular, im-
plies that at least one of the factors has an infinite center, cf. [54] 94.32(e) and 33. In
any case, rkΨ≥ 2 and Ψ contains a non-central involution α centralizing a 6-dimensional
semi-simple subgroup Γ of Ψ. If α is a reflection, its center is some point u∈W (or
else 〈αΨ〉=Ψ would act trivially on W ), and uΥΩ=u 6=uΨ . As Ψ acts almost effectively
on uΨ and contains a compact subgroup of dimension ≥ 6, it follows from [54] 96.13 that
dim uΨ> 2. Let b∈ au\{a, u}, Λ=(ΥΩ)b , and F = 〈uΨ, a, b〉 . Then dimΛ≥ 5, Λ|F =1l,
and F<•P , which contradicts Stiffness. If α is planar, then ΓΥΩ induces on Fα a semi-
simple group X of dimension at least 16. Again Fα is the classical quaternion plane (cf.
[52] 4.4) and X is contained in SL2H ·AutH. As SL2H has no proper subgroup of codi-
mension ≤ 2, it follows that SL2H≤X, but X is a product of factors of smaller dimension.
Hence case (d) is impossible.
(e) ∆ has a factor Ψ of type G2 and a factor Υ of type A2 . Stiffness implies that Ψ is
not compact. A maximal compact subgroup Φ of Ψ is isomorphic to SO4R or to Spin4R,
and there is an involution α∈Φ such that Φ≤CsΨα<Ψ. As in the previous step, α is
not planar, and α|W 6=1l because 〈αΨ〉=Ψ 6≤∆[W ] . Therefore α has some center u∈W .
Choose b∈ au\{a, u} and let Λ=(CsΨ) 1b . Then dimΛ≥ 6 and dimFΛ≤ 4, but then Ψ
cannot act on FΛ . This excludes case (e).
(f) ∆ has a factor Υ of type C2 , all other factors have dimension at most 10. Put
Ψ=(Cs∆Υ)
1 . Then dimΨ=18. If Ψ fixes a point or a line other than a or W , then
there is some point u∈W such that uΨ=u 6=uΥ and Ψ|uΥ =1l. If b∈ au\{a, u} , we have
dimΨb≥ 10; the fixed elements of Ψb form a subplane E <P , and Ψb|E =1l. Hence E is
flat by Stiffness, EΥ= E , and dim(Υ|E) = 10. This contradiction shows that that 〈xΨ〉 is
a subplane whenever a 6=x /∈W . The roˆles of Υ and Ψ can be interchanged, and uΥ=u
implies successively uΨ 6=u , Υ|uΨ =1l, dimΥb≥ 2, F =FΥb <P , Υb|F =1l, and FΨ=F .
If F is flat, then dimΨ≤ 4+11 (use Stiffness and Υb|F =1l). Similarly, dimF =4 implies
dimΨ≤ 8+8. Therefore F<•P , and dimΨ|F =18 (again because Υb|F =1l). Now F is
classical by [50] 3.3 or [52] 4.4, and Ψ|F contains a group SL2H contrary to the assump-
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tion in case (f). It follows that 〈xΥ〉 and 〈xΨ〉 are subplanes of P , and 〈xΥ〉<P , since
Ψx|〈xΥ〉=1l and dimΨx≥ 2. Consequently, dim xΥ≤ 8 and dimΥx≥ 2. Hence 〈xΨ〉 is also
a proper subplane, dim xΨ≤ 8, and dimΨx≥ 10. Stiffness implies that E = 〈xΥ〉 is even
flat, but dim(Aut E)a,W ≤ 4.
(g) Last case: all factors of ∆ have dimension at most 8. Then there are exactly two 8-
dimensional factors Υ1,Υ2 . An involution σ ∈Cs∆ is a reflection with axis W : if Fσ<•P ,
then dim∆|Fσ < 20 contrary to Stiffness. Moreover, each involution ι in one of the fac-
tors is a reflection: if ι is planar, denote the product of the other factors by Ψ and
put Ψ|Fι =Ψ/K. Then Ψ:K< 20, dimK> 0, and K1 is semi-simple. Stiffness implies
K1∼=Spin3R, and the involution σ∈K1 acts trivially on Fι ; on the other hand, σ is in
the center of ∆, but then σ∈∆[a,W ] . It follows that none of the factors has a subgroup
isomorphic to SO3R. Suppose that ∆ has a factor Υ⊜ SU3(C, r). Then Υ has a sub-
group Φ∼=SU2C. The involution α∈Φ is a reflection. As 〈αΥ〉=Υ, the axis of α is a
line av , and dim vΥ> 1. Choose c∈ av \{a, v} and put Λ=(Ψc)1 . Then FΛ= 〈a, c, vΥ〉
and dimΛ≥ 12. This contradicts Stiffness and proves that the Υν are isomorphic to the
simply connected covering group of SL3R. This possibility will be excluded in the next
steps.
(h) Assume that ∆ has a factor Φ∼=SU2C. Then Υ1 and Φ have the reflection σ ∈∆[a,W ]
in common. Consequently, Υ1Φ contains a subgroup Ω∼=SO4R>SO3R. Each involution
β ∈ SO3R is planar. Put Ψ= (Cs β)1 , note that Ω ∩Ψ∼=T2 , and consider Ψ=Ψ|Fβ =Ψ/K.
We have dimΨ≥ 2+17, dimΨ≥ 16, and Ψ has a normal torus subgroup. Accord-
ing to [52] 7.3, Fβ is the classical quaternion plane, Ψ is contained in H×· SL2H, and
dim(Ψ ∩ SL2H)≥ 12, but such a group Ψ does not exist. Therefore ∆ has no compact
factor. If SL2C∼= Γ ⊳∆, analogous arguments yield a group Ψ of dimension at least 13.
Again Fβ is classical, and Υ2 maps onto a subgroup SL3R of SL2H, since Υ2 has no
faithful linear representation, cf. [54] 95.9. In particular, σ|Fβ =1l, which is absurd.
(i) Steps (g,h) imply that there are 4 factors Γν ⊜ SL2R. For similar reasons as before,
Υ1Υ2 has a subgroup Ω∼=SO4R containing a planar involution β . Let again Ψ=(Cs β)1
∼=T2·×νΓν and Ψ=Ψ|Fβ . As before, Fβ is classical and Ψ is a subgroup of H×· SL2H.
None of the groups Γν is simply connected, each Γν maps onto a group of rank 1. Hence
the rank of Ψ is at least 5, but this contradicts 2.10 or Ψ≤H×· SL2H. 
5.9 Normal torus. If dim∆> 28 and F∆= {a,W}, a /∈W , if ∆ has a normal sub-
group Θ∼=T, and if ∆ is doubly transitive on some proper subset V ⊂W , then V ≈ S6 ,
∆|V ∼=PO′8(R, 1) is even triply transitive, and dim∆≤ 30.
Proof. If even dim∆> 30, it has been shown in [43] that P is a Hughes plane (including
the classical plane). Groups of dimension ≥35 have been dealt with in 5.6. We may
suppose, therefore, that dim∆< 35; in the cases dim∆≥ 31 a few arguments in [43] will
be simplified. Note that v∆=W implies dim∆> 36, see [54] 96. 19–22 and use Θ.
(a) Θ≤∆[a,W ] if, and only if, ∆ has no subgroup Γ∼=G2 : in fact, FΓ would be a flat
subplane, which does not admit a torus group of homologies. If, on the other hand,
Θ|W 6=1l, then there is some point x such that F∆x is a connected subplane, dim∆x> 12,
26
and Stiffness yields Γ := (∆x)
1∼=G2 .
(b) If v∆= V ⊆W , then dimV =: k > 4: let Λ denote the connected component of the
stabilizer of points u, v, w∈V and c∈S := av \{a, v} . The dimension formula yields
28< dim∆≤ 3k+8+ dimΛ , 21≤ 3k+ dimΛ≤ 3k+14 , and k≥ 3 .
If Θ|W 6=1l, then ∆ has a subgroup Γ∼=G2 by step (a), and 2.15 implies zΓ≈ S6 for some
z ∈V and k≥ 6. If Θ|W =1l, however, then Θ induces a group of homologies on FΛ ,
dimFΛ≥ 4, dimΛ≤ 8 by Stiffness, and then 3k > 12.
(c) Put ∆˜=∆|V =∆/K. The kernel K has dimension dimK< 8, and 22≤ dim ∆˜≤ 34:
note that 〈a, c, V 〉=P , so that K acts freely on S . If dimK=8, then each orbit cK is open
in S by [54] 96.11(a), and K is transitive on S . The space S is homotopy equivalent to
S7 . A maximal compact subgroup Φ of K is a product of a torus and some almost simple
Lie groups Ψν , and π3Ψν ∼=Z, see [54] 94. 31(c) and 36. The exact homotopy sequence
[54] 96.12 shows that πqΦ∼= πqS7 for each q≥ 1. Consequently Φ is trivial, but π7S7∼=Z.
This contradiction proves the claim; see also 2.17(b).
(d) V is compact : if not, then ∆˜ has a normal subgroup N∼=Rk acting sharply transitive
on V , and ∆˜ is an extension of N by a transitive linear group, cf. [54] 96.16. We use the
notation of step (b), and we write ∇=∆v,u . Suppose first that k≤ 6. Then G2 is not a
subgroup of ∆, ∆:∇=2k , ∇ fixes a line of the vector space Rk or C3 , ∆:Λ< 2k+2+8,
Λ 6∼=SU3C, dimΛ≤ 6 by 2.6(eˆ), and dim∆< 28 contrary to the assumption.
Next, let k=7. Then ∆v induces a transitive, hence irreducible, linear group on N , and ∆v
has a subgroup X∼=G2 by [54] 96.16 –22 and 94.27. By step (a) there is some point x such
that E = 〈a, xΘ,W 〉 is a connected subplane, and ∆x|E =1l. Stiffness implies dim∆x≤ 14
and dim∆≤ 30. There are two possibilities: ∆v|V is isomorphic either to eR ·SO7R or
to eR ·G2 . As k is odd, Θ≤K. In the first case, ∆ :K=29, dimK=1, K1=Θ, and
∇∼=Spin6R·Θ is a compact subgroup of ∆. Consequently, ∇ fixes the points of a 1-
dimensional subspace of R7 , the orbit c∇ is not open in av , and Λ=∇c has dimension
> 8, but this contradicts 2.6(eˆ). In the second case, ∆ :K=22, dimK=7, Θ ⊳K, the
representation of X on lK shows K≤CsX , and K|FX would be too large.
Finally, if k=8, then ∆v|V contains one of the groups SO8R, SU4C, or U2H, again by
[54] 96. 16 –22. In the first case, rk∆=5 contrary to 2.10. In the second case, there
exists a subgroup Φ∼=SU4C∼=Spin6R in ∆, see [54] 94.27. The central involution σ ∈Φ
is not planar (or Φ|Fσ ∼=SO6R), and σ is a reflection with center v or axis av . By double
transitivity, the elation group ∆[v,av] is transitive (cf. [54] 61.19(b)), and so is each group
∆[z,az] with z ∈W . It follows that ∆ is transitive on W and has a subgroup Spin9R,
but then rk∆≤ 4 implies that ∆ does not have a normal torus. The third case can be
excluded by the same arguments.
(e) We can now prove the assertions. All doubly transitive transformation groups have
been determined by Tits 1955, cf. [54] 96.16–18 for results and a sketch of the proof.
Consider the effective transformation group (∆˜, V ) defined in step (c). The space V is
compact if, and only if, ∆˜ is a strictly simple Lie group; in this case V is a projective
space or a sphere, and ∆˜ is the corresponding projective or hyperbolic group. In the
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given dimension range 5≤ dimV < 8 and 22≤ dim ∆˜≤ 34 there are exactly the following
possibilities: (PSL4C,P3C), (PSU5(C, 1), S7), and (PO
′
8(R, 1), S6). In the first case, the
assumption on ∆ implies dim∆> dim ∆˜=30. Choose c as before, u∈V , and w on the
line uv in the projective space P3C. Let Λ=(∆c,u,w)
1 . By step (a), the central torus Θ
induces a group of homologies on FΛ , and dimFΛ> 2 . Stiffness yields dimΛ≤ 8, and the
dimension formula gives dim∆≤ 2·6+2+8+ dimΛ≤ 30, a contradiction.
If V ≈ S7 , then ∆ has a subgroup Υ⊜ SU5(C, 1) and a compact subgroup Φ∼=SU4C. The
kernel K satisfies 5≤ dimK≤ 7, and the representation of Υ on lK shows that K≤CsΥ .
There are 6 conjugate planar (diagonal) involutions in Φ. Let β be one of these. At
most 3 of the others induce reflections on Fβ . Hence Fβ,β′<•Fβ for some β ′ . As K acts
freely on a non-trivial point orbit in Fβ,β′ , this would imply 5≤ dimK≤ 4. Therefore
V ≈ S6 , and ∆ contains Spin8(R, 1) and has a subgroup G2 . As in step (d), it follows
that dim∆≤ 30. According to [54] 96.18, the group ∆ is triply transitive on V . 
Remark. In the classical plane, Σ′a,W
∼=Spin10(R, 1) contains ∆∼=Spin8(R, 1)×SO2R. For
any v ∈W , the compact group Spin8R is a maximal semi-simple subgroup of Σa,v,W .
Therefore ∆′ has no fixed point on W , and F∆= {a,W} . No other plane with such an
action of ∆ is known.
5.10 Normal torus. If F∆= {a,W}, a /∈W , and if ∆ has a normal subgroup Θ∼=T,
then dim∆≤ 30.
For dim∆> 30, it has been proved in [43] that P is a Hughes plane, and then F∆= ∅ . 
5.11 Normal vector groups. Assume that ∆ is not semi-simple and that P is not
a Hughes plane. If dim∆≥ 33, then ∆ has a minimal normal subgroup Θ∼=Rt . In the
cases 1<t 6=8, 12, the group Θ consists of elations with common axis or common center.
If t=8 or 12, then either Θ or some other minimal normal subgroup Θ˜ has this property .
This has been proved in [45] Theorem A and Propositions 8 and 9. The arguments are
rather involved, they shall not be indicated here.
5.12 Corollary. If F∆= {a,W}, a /∈W , and if ∆ has a minimal normal vector subgroup
Θ of dimension t > 1, then dim∆≤ 32.
6. Two fixed points
In the classical octonion plane, Σu,v is an extension of a transitive translation group by
(eR)2· Spin8R, cf. [54] 17.13. Throughout this section let F∆= 〈u, v〉 .
6.0. If F∆= 〈u, v〉 and if dim∆≥ 18, then ∆ is a Lie group.
Proof. (a) Suppose that ∆ is not a Lie group. As in the proof of 4.0, it follows from [28]
that xζ = x for some x /∈W and some ζ 6=1l in a compact central subgroup N of ∆ such
that ∆/N is a Lie group. By hypothesis, the orbit x∆ is not contained in a line. Therefore
D= 〈x∆〉≤Fζ is a proper connected subplane. Put ∆∗=∆|D=∆/K. If D is flat, then
∆:K≤ 4, dimK=14, ∆∗≈R4 , and K is a maximal compact subgroup of ∆. Hence
K is connected by the Mal’cev-Iwasawa theorem [54] 93.10, and K∼=G2 would be a Lie
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group. If dimD=4, then ∆:K≤ 8 and dimK≤ 8 by Stiffness. Consequently D<•P , K
is compact and dimK≤ 7 by Stiffness. According to Lemma 6.0 ′ below, ∆∗ is a Lie group.
We may assume, therefore, that N≤K. Choose elements w,L in D with w∈ uv \{u, v}
and L∈Lv \{uv} , let z ∈L\D , put Γ=∆L,w and Λ=(Γz)1 . Then ∆:Γ≤ 8, dim Γ≥ 10
and K≤ Γ . From [54] 53.2 it follows that Γ :Λ= dim zΓ< 8 and dimΛ≥ 3. Moreover, Λ
is a Lie group, since Λ ∩K≤Kz =1l. If dimK=0, then [52] 1.10 implies that dim∆∗> 18,
and D is the classical qaternion plane. It follows that a maximal compact subgroup of ∆
is locally isomorphic to (Spin3R)
3 , and ∆ would be a Lie group.
(b) Thus dimK> 0. We need to show that FΛ is connected. By [54] 55.32, the group K
does not contain a pair of commuting involutions. Hence K1 is a product of a commutative
connected group A with at most one almost simple factor Ω∼=Spin3R, see the structure
of compact groups as stated in [54] 93.11. Obviously, A is normal in ∆, and [54] 93.19
implies that A is in the center of Λ·A. Now A≈ zA⊆FΛ<P , and FΛ is indeed connected
except possibly if K1∼=Ω.
(c) Suppose first that K1 6∼=Ω. Then zN⊂FΛ<•P by [54] 32.21 and 71.2, and Λ∼=Spin3R.
It follows that dim Γ=10, ∆:Γ=8, and dim∆=18. The involution ι∈Λ induces a
reflection on D ; in fact, ι|D 6=1l because zι= z /∈D . Hence Λ acts faithfully on D , and ι|D
cannot be planar by the stiffness result [52] 1.5(4), see also [54] 83.11. The axis of ι|D is
S= uv ∩D (since wΛ=w ), the center is some point a. As ∆:Γ=8, we have dimw∆=4
for each choice of w , and w∆=S \{u, v} is a manifold by [23] Cor. 5.5. Therefore S≈ S4 ,
and uv≈ S8 .
(d) Let Π=(∆z)
1=(∆L,z)
1 . Then Πw=Λ , dimΠ=7, and Π is transitive on S \{u, v} .
Consequently Π/Λ≈H× and Π′ ∼= Spin4R, (use the exact homotopy sequence [54] 96.12
together with 94.36). One of the central involutions of Π′ induces on D a reflection with
axis L ∩D . Denote this involution by ̺. We will show that ̺ is a reflection of P with axis
L and center u . If not, then L ∩D⊂F̺ <•P , and L ∩ F̺ is a manifold (≈ S4 ) by [54] 92.16.
In fact, L ∩D=L ∩ F̺ , see [54] 51.20, [10] XVI, 6.2(2), but ̺ fixes z /∈D and even each
point of zN . As dimL∆=4, we conclude from 2.9 that ̺∆̺∼=R4 consists of translations
with center u . Interchanging the roˆles of u and v , we find that also the translation group
T[v] is isomorphic to R
4 . Therefore the translation group T induces a transitive group of
translations on D . Its complement contains Π . Hence dim∆∗≥ 8+7 and dimK≤ 3.
(e) If dimK=1, then D is a near-field plane (cf. [52] 1.10), its automorphism group is
described in [54] 82.24. We conclude that ∆a has a unique normal subgroup Φ∼=Spin4R.
It follows that Π′=Φ, and zΦ= z . Analogously, there is a point y∈ au\D such that
yΦ= y , but the reflection in Π′[L] does not fix y . This contradiction shows that dimK≥ 2.
(f) Note that each involution of Π′ is central. Therefore Π′≤∆a and the radical Γ=
√
∆a
is 4-dimensional. If dimK=2, then complete reducibility shows Π′≤Cs Γ/N and hence
Π′≤Cs Γ . The same is true in the case dimK=3 because K/N is a torus. Thus Π′ is the
unique Levi complement of Γ , but this is impossible by the argument in step (e).
(g) Finally let K1∼=Ω. Again dim∆∗≥ 15, and [52] 5.1-4 implies that ∆∗ contains a
transitive group of translations, their center will be chosen as the point v . In particular,
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L ∩D≈ S4 . If dimΛ> 3, if Λ is solvable, or if Λ⊜ SL2R, then P=(CsΛΩ)1EΛ has positive
dimension, since Λ/CsΛΩ≤ AutΩ∼=SO3R. It follows that zP⊂FP<•P , and P∼=T or
P∼=Spin3R. Hence there exists a planar involution ̺ in the center of ΛΩ. In the case
D ∩F̺= C<•D,F̺ , the group Ω would act trivially on C , which contradicts Stiffness.
Consequently ̺ induces on D a reflection with axis uv ∩D⊂F̺ , and then S=L ∩F̺≈ S4 ,
again by [54] 92.16 and 51.20. According to (†), the action of Ω on S is equivalent to the
action of H′ on H by multiplication, S/Ω= I is an interval, and N acts trivially on I .
Therefore zΩ= zΩN , but (ΩN)z =1l, a contradiction.
(h) Only the cases K′∼=Ω⊜Λ remain. If Λ is simply connected, then Ω centralizes the
involution ̺∈Λ . Again ̺|D is a reflection, and one may reason as in step (g). Similarly,
SO3R∼=Λ≤CsΩ is impossible. Therefore ΛΩ∼=SO4R contains only one involution and a
different argument is needed. We will show that ΛK is a maximal compact subgroup of the
connected group Ξ=∆w,L . In fact, ∆:Ξ≤ 8, dimΞ≥ 10, Ξ:Λ= dim zΞ< 8, dimΞ=10,
dimw∆= dimL∆w =4 for each choice of w and L, both orbits are simply connected, hence
Ξ is connected and so is Ξ|D . Recall from step (g) that Ξ|D contains a transitive group
Θ≈R4 of translations (note that each compact subgroup of Θ is trivial by [54] 55.28).
We have Λ∼=Λ|D<Ξ|D and Ξ:K=7. Consequently Ξ|D∼=Λ⋉Θ, and ΛK is a compact
subgroup of Ξ of maximal dimension. By the Mal’cev-Iwasawa theorem [54] 93.10 the
group ΛK is connected and coincides with the Lie group ΛΩ. 
6.0 ′ Lemma. Suppose that ∆ is a group of automorphisms of an 8-dimensional plane P .
If ∆ fixes 2 distinct points u, v and exactly one line uv , and if dim∆≥ 8, then ∆ is a
Lie group.
Proof. If ∆/N is a Lie group, but the compact central subgroup N is not, then the
arguments of 4.0 show that for some x /∈ uv the orbit x∆ generates a proper connected
sublane D . Put ∆|D=∆/K and apply the stiffness results [52] 1.5 to K. If D is flat, then
∆:K≤ 4 and dimK≤ 3 (see also [54] 83.12). Hence D<•P and dimK≤ 1. As ∆|D is a
Lie group by [54] 71.2, we may assume N≤K. In the case dimK=0 it follows fom [54]
73.22 that ∆ does not have two fixed points in D . Therefore dimK=1. Choose a line L
of D in Lv \{uv} and points w∈ uv ∩D and z ∈L\D . Put Λ=(∆z,w)1 . Then dim z∆L < 4
by [54] 53.2, and dimΛ> 0. Let Ξ=K1N . Then [54] 93.19 implies Λ≤CsΞ. Therefore
zΞ⊆FΛ<P , FΛ is connected, but then Ξ would be a Lie group by [54] 32.21 and 71.2.

6.1 Lie. If ∆ is semi-simple of dimension dim∆≥ 14, then ∆ is a Lie group.
This can be proved in the same way as 5.1. The sharper bound is obtained because G2
is a Lie group, and because D=D∆<P implies dim∆|D≤ 10 instead of 11, see [54] 7.3.
Remark. The result is also true if ∆ fixes more than 2 collinear points but only one line.
6.2 Semi-simple groups. If |F∆|=3 and ∆ is semi-simple, then dim∆≤ 20 or,
conceivably, ∆ is a product of 7 factors each of which is isomorphic to the simply connected
covering group Ω of SL2R. If ∆ is almost simple, then dim∆≤ 16.
Remark. Results and proof are the same as in the case that F∆ is a flag, see 5.2.
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6.3 Normal torus. Suppose that ∆ has a one-dimensional compact connected normal
subgroup Θ. If dim∆≥ 18, then there exists a ∆-invariant near-field plane H<•P ; either
dim∆=18, or H is classical and dim∆≤ 20.
Proof. As ∆ is a Lie group, Θ∼=T and the involution ι∈Θ is in the center of ∆.
Hence ι is planar. Put H=Fι and ∆|H=∆/K. If Θ|H 6=1l, Stiffness and [52] 5.3 imply
dim∆≤ 9+3. Hence Θ≤K, K1 6∼=Spin3R, dimK=1, and ∆:K≥ 17. All planes H with
a group of dimension at least 17 are described in [52] 1.10. Only in the case of the near-field
planes ∆ fixes two distinct points. Either H is classical, or ∆:K=17 and dim∆=18. 
Remark. If dim∆≥ 17, then ∆ induces on H a group of dimension ≥ 16. Such planes
are translation planes, they have been determined explicitly by Ha¨hl, cf. [52] 3.3.
Without assumption on F∆ , the following has been proved in [45]:
6.4 Theorem. If ∆ has a normal vector subgroup and if dim∆≥ 33, then ∆ fixes some
element, say a line W , and ∆ has a minimal normal subgroup Θ∼=Rt consisting of axial
collineations with common axis W . Either Θ≤∆[a,W ] is a group of homologies and t = 1,
or Θ is contained in the translation group T = ∆[W,W ] .
The next result has been proved in [21] Theorem 1 under the assumption dim∆> 33 :
6.5 Theorem. If dim∆≥ 34, then the group T of translations in ∆ satisfies dimT≥ 15.
Either ∆ has a subgroup Υ∼=Spin7R and dim∆≥ 36, or T is transitive, dim∆=34, and
there exists a maximal semi-simple subgroup Υ∼=Spin6R of ∆.
6.6 Normal vector subgroup. If F∆= {u, v,W} and if dim∆=33, then the trans-
lation group T is transitive.
Proof. In steps (a–r), the weaker assumption dim∆≥ 33 suffices; the exact value of
dim∆ is needed only in steps (s–v).
(a) From 6. 2 and 3 it follows that 6.4 applies. Suppose that ∆[a] 6=1l for some a /∈W . Then
∆=∆[a]⋉T by [54] 61.20, and a
∆= aT is not contained in a line. Hence T is a vector
group Rk , and each subgroup T[z] with z ∈W is connected by [54] 61.9. Let 1l 6= τ ∈T[z]
with z 6=u, v , and put ∇=(∆a)1 , Λ=(∇aτ)1 . Then
33≤ dim∆=∆:∇+∇:Λ+ dimΛ≤ 2k+ dimΛ≤ 2k+14 and k≥ 10 .
By the stiffness result 2.6(e), either Λ∼=G2 or dimΛ≤ 8. In the first case T ∩CsΛ acts
effectively on the flat plane FΛ and dim(T ∩CsΛ)≤ 2. As Λ fixes τ and each non-trivial
representation of Λ on T has dimension 7 or 14, it follows that k≥ 15. In the second
case, k≥ 13 and dimT[z]≥ 5 for each z ∈W .
(b) The elements of a minimal normal subgroup Θ of ∆, Rt∼=Θ≤T, have center u or v ,
say Θ≤T[v] , or T is transitive and P is classical . In fact, t≤ 8 (or L∈Lv \{W} implies
1l 6=ΘL=Θ ∩TL=Θ ∩T[v] ⊳∆, and Θ would not be minimal). If some τ ∈Θ has a center
z 6= u, v , then 17≤ dim∇≤ t+ dimΛ , dimΛ> 8, Λ∼=G2 , t > 2, Λ acts non-trivially on
Θ, and t > 7. By minimality, ∆ induces an irreducible group ∆˜ on Θ∼=R8 , and ∆˜′ is
semi-simple and properly contains G2 . The list [54] 95.10 shows that ∆˜
′ has a subgroup
Spin7R. This simply connected group can be lifted to a subgroup Υ of ∆, see [54] 94.27.
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The central involution σ∈Υ inverts the elements of Θ and hence fixes z . Therefore σ is
a reflection with axis W , the center of σ will be denoted by a. From 2.9 and step (a) it
follows that σ∆σ=T∼=Rk with k≥ 14 and a∆= aT . Moreover, Υ acts faithfully on T[u]
and T[v] , but then T is transitive, and P ∼=O by [54] 81.17.
(c) If ∆ has a subgroup Υ∼=Spin7R, then dimT≥ 15. By the last part of 2.10, the central
involution σ ∈Υ is a reflection. If σ∈∆[W ] , steps (a,b) show transitivity of T . If σ has
center u or v , say σ ∈∆[v] , the dual of 2.9 implies that Υ acts effectively on T[v] , and
then T[v]∼=R8 by [54] 95.10. It follows that ∆ induces on Lu a transitive group ∆/∆[u] .
Either Υ is contained in a subgroup of ∆ of type D4 , dim∆≥ 36, and the claim follows
from 6.5, or ∆/∆[u] is contained in e
R·Spin7R⋉R8 and has dimension ∆:∆[u]≤ 30. In
the latter case dim∆[u]≥ 3. According to [54] 61.20, the connected component Ξ of ∆[u]
is isomorphic to ∆[u,xv]⋉T[u] and dimT[u]> 0. Note that the homology group ∆[u,xv] acts
freely on T[u] . By 2.15(b), the fixed points of Υ on the axis of σ form a circle C . Suppose
that Ξ≤CsΥ . Then Ξ acts effectively on C , and Brouwer’s theorem [54] 96.30 would
imply dim∆[u]≤ 2. Consequently Υ induces on the Lie algebra lΞ a group SO7R and
dimΞ≥ 7. Hence dimT[u]≥ 12 dimΞ≥ 4, the action of Υ on T[u] is not trivial by 2.15, and
then dimT[u]≥ 7. In particular:
(c ′ ) If the central involution of Υ is a reflection with center v , then T[v] is transitive.
Change of notation. From now on Θ∼=Rt will denote a minimal ∇-invariant sub-
group of T[v] , where ∇=(∆a)1 for a fixed a /∈W ; normality of Θ in ∆ will not be needed.
Throughout, let w∈S :=W \{u, v} and Ω= (∇w)1 .
(d) If t=1 and if ∆ has a subgroup Γ∼=G2 , then T is transitive.
Consider the radical P=
√
∆ and note that [21] Lemma 4 combined with Θ∼=R yields
dimP≤ 19. Suppose that Γ is a Levi complement of P in ∆. Then ∆=PΓ , dimP=19,
and P is transitive on the affine point set P \W . Thus, up to conjugacy, aΓ= a and Γ≤∇.
Stiffness and 2.15(a) imply that FΓ is a flat subplane. Consequently, dimCs∇Γ≤ 2<
dim(∇ ∩P) =3. Therefore Γ acts non-trivially on ∇ ∩P , and dim(∇ ∩P)≥ 7, a contra-
diction. Hence Γ is properly contained in a maximal semi-simple subgroup Ψ of ∆.
By Stiffness, Cs Γ acts almost effectively on FΓ , the induced group is solvable by [54]
33.8. Because of 2.16, it follows that Ψ is an almost simple orthogonal group containing
Υ∼=Spin7R. Step (c) implies that dimT≥ 15 and dim∆≥ 36. Hence dim∇≥ 21 and
dim∇c,w≥ 12 for a 6= c∈ aΘ . By Stiffness (∇c,w)1∼=G2 , and we may assume that Γ≤∇. If
Υ≤∇, the central involution σ∈Υ is a reflection with axis av , since Θ≤CsΥ , and (c ′ )
shows that T[u]∼=R8 . The group T[v] is a product of Θ=ΘΥ and a 7-dimensional factor;
hence T is transitive in this case. From aΥ 6= a we will derive a contradiction. First let
Υ[v]= 〈σ〉 as in step (c ′ ). Then T[v] is transitive and, up to conjugacy, the axis of σ con-
tains the point a. Now Γ≤∇ ∩Υ=Υa , but aΥ≈ S6 by 2.15, and Υa∼=Spin6R. The case
that the central involution σ of Υ has center u can be dealt with is analogously.
(e) If t=1 and if ∆ has no subgroup G2 , then T is transitive.
Let a 6= c∈ aΘ . Then dim∇c≥16, and 2.6(e) implies Λ=(∇c,w)1∼=SU3C. Consequently,
a∆ is open in P , ∇c is transitive on S , and a maximal compact subgroup Υ of ∇c is
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isomorphic to SU4C∼=Spin6R (see 2.17(d) ). The central involution σ∈Υ is a reflec-
tion with axis av and center u , σ ∈∇[u] . As (av)∆ 6= av , it follows from the dual of 2.9
that σ∆σ=T[u] is a vector group. The representation of Υ on T[u] is faithful. There-
fore T[u]∼=R8 , and ∆ induces on Lv \{W} a doubly transitive group ∆/∆[v] , so that
Ξ=∆av/∆[v] is a transitive linear group and Ξ
′ is semi-simple (cf. [54] 95.6 and 96.16).
As ∇c ∩∆[v]≤∆[v,av] =1l, we have Υ∼=SU4C≤Ξ′ . Moreover CsΞΥ≤C× , and Ξ′ is almost
simple. If Υ<Ξ′ , then [54] 96.10 would show that G2< Spin7R<Ξ or dimΞ
′≥ 28; the
first possibility is excluded by the assumption in step (e), in the second case dim∆≥ 36
and theorem 6.5 would imply Ξ′∼=Spin7R. Hence Ξ≤C×· SU4C, 16≤ dimΞ≤ 17, and
dim∆[v]≥ 8. Either ∆[v]=T[v] is transitive, or ∆[v] contains a homology with axis au . As
dim(au)∆=8, the dual of 2.9 implies again T[v]∼=R8 .
(f) If t=2 and if dimΛ< 8 for each stabilizer of a quadrangle, then T is transitive.
Proof. Let a 6= c∈ aΘ , and put Λ=(∇c,w)1 . Then ∆:Λ≤ 26, dimΛ=7, dim∇=17,
∇c is transitive on S and on au\{a, u} , moreover, a∆=P \W . Consequently, ∆au is
doubly transitive on au\{u} . As mentioned in 5.9(e), all such actions are known (Tits
1955, cf. in particular [58] Satz 1). As ∇c acts faithfully on au and dim∇c=15, it
follows that ∇c∼=SL2H (see [54] 96.10 or [58] and note that ∇c is not compact). A
maximal compact subgroup Γ of ∇c is isomorphic to U2H∼=Spin5R, and the central
involution σ of Γ is a reflection with axis av (use the last part of 2.10). Therefore
σ∆σ=T[u]∼=R8 . The group ∆/∆[v] induced by ∆ on the pencil Lv \{W} is also doubly
transitive, and ∇c≤Υ :=∆av/∆[v] . As Θ≤Ξ :=∆[v] , we have 15≤ dimΥ≤ 23. By [58]
either dimΥ′≤ 18 or Υ′∼=Sp4C. The second possibility can be excluded however, since
SL2H is not contained in Sp4C (this follows easily from the complete reducibility of the
adjoint representation of the smaller group on the Lie algebra of the larger one and the
fact that each representation of SL2H in dimension < 6 is trivial. It is also a consequence
of the far more general results of Tits [57] p.160/61). Hence dimΥ≤ 19 and dimΞ≥ 6. If
Ξ contains a non-trivial homology, then T[v] is transitive by [54] 61.20. Assume now that
Ξ=T[v] has dimension dimΞ< 8. Then Ξ≤Cs∇c≤CsΛ (since Θ<Ξ), and Λ|aΞ =1l,
but then Λ would be trivial.
(g) If t=2, then ∆ is transitive on the affine point space P \{W} .
If not, then dim∇c> 15, Λ∼=SU3C, dim∇=18, and ∇c is transitive on S and on
au\{a, u} . Consequently, ∆au is doubly transitive on au\{u} . The exact homotopy
sequence shows ∇′c ∼=SU4C, see [43] Lemma (5) or 2.17(d). The central involution in ∇′c
is a reflection with axis av , and T[u]∼=R8 by the dual of 2.9. It follows that ∇ induces on
T[u] a subgroup of C
×·SU4C. In particular, ∇:∇[au]≤ 17 and ∆[v,au] 6=1l. As Θ<T[v] and
Λ acts non-trivially on T[v] , we have even dimT[v]=8, and T would be transitive contrary
to the assumption.
(h) If t=2 and ∇ is transitive on S= uv \{u, v}, then T is transitive.
The proof is similar to that in step (g). Because of step (f), we may assume that
(∇w)′=Λ∼=SU3C for w∈S . Then a maximal compact subgroup Φ of ∇ is isomorphic
to SU4C, see [43] Lemma (5) or 2.17(d). Again the central involution of Φ is a reflection
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in ∇[u,av] , and T[u]∼=R8 by 2.9. The group Υ=∆av/∆[v] induced by ∆av on the pencil
Lv \{W} acts faithfully on T[u] . If T[v]<∆[v] , then T[v]∼=R8 by step (g) and [54] 61.20.
Hence we may assume that ∆[v]=T[v] . Representation theory as summarized in [54] 95.10
shows that Υ≤C×⋊ SU4C or Υ′∼=Spin7R. In the first case dimΥ≤ 17 and dimT[v]=8,
in the second case dimΥ≤ 22 and dimT[v] ∈{3, 4} , but then T[v]≤CsΦ and FΛ≤•P ,
which contradicts Stiffness.
(i) If t=2, then the translation group T is transitive.
Because of steps (f–h), only the following situation must be considered: dim∇=17, for
some w∈S the orbit w∇ has dimension ∇:∇w < 8, Ω=(∇w)1 satisfies dimΩ=10, and
Λ=(Ωc)
1∼=SU3C for a 6= c∈ aΘ . Put P=
√
Ω, so that Ω=PΛ . As Λ|Θ=1l, the radical P
is transitive on Θ\{1l} , P/Pc≈C× , dimPc=0, and Pc is compact by 2.6(cˆ). Therefore Pc
is finite and P is a finite covering of the cylinder group. Hence P contains an involution σ ,
and σ is a reflection (or else Λ would act trivially on W ∩Fσ ), the axis of σ is W (since
wσ=w ), and σ ∈∆[a] . Now 2.9 and step (g) imply dimT=16.
(j) t 6=3. Assume the contrary. Choose w∈S and consider the plane B= 〈aΘ, u, w〉 of
dimension ≥ 8. Suppose first that B<•P . By Stiffness, the connected component Ω of
∇w induces on Θ a subgroup Ω≤GL3R of dimension at least 6, and there is a subgroup
Ξ≤Ω such that the fixed elements of Ξ in Θ form a 2-dimensional subgroup1. It fol-
lows that B ∩FΞ<•B . For a suitable c∈ aΘ \{a} the group Λ=(∇c,w)1 is compact by [54]
83.9. Moreover, dimΛ≥ 6, and 2.6(eˆ) shows Λ∼=SO4R. Now Λ|B∼=Λ|Θ∼=SO3R, but then
cΛ 6= c. Therefore B=P and ∇w acts faithfully on Θ. Consequently, the connected com-
ponents of ∇w and GL3R are isomorphic, and dimΛ=6. As SO3R is a maximal subgroup
of SL3R (see [54] 94.34), it follows that a maximal compact subgroup of Λ is trivial or
a torus; hence πqΛ=0 for q > 1. Moreover, dim∇c=14 and ∇c is transitive on S . Let
Φ be a maximal compact subgroup of ∇c . The exact homotopy sequence (cf. [54] 96.12)
implies π3Φ∼= π3Λ=0 and π7Φ∼= π7S∼=Z. From the first condition it follows by [54] 94.36
that Φ has no almost simple factor, so that Φ is a torus group ([54] 94.31(c) ), but then
Φ cannot satisfy the second condition.
(k) Remark. The arguments in step (j) do not use the fact that Θ∇=Θ. They show
therefore that there is no Ω-invariant 3-dimensional subgroup of Θ. Similarly, only the
Ω-invariance is used in steps (ℓ), (m), and (n).
(ℓ) If t=4 and if B= 〈aΘ, u, w〉<•P , then T is transitive.
Assume first that Ω= (∇w)1 acts irreducibly on Θ, and put Ω∗=Ω|Θ=Ω/K. Stiffness im-
plies dimK=3 or dimK≤ 1. Therefore dimΩ∗≥ 6 and even dimΩ∗′≥ 6 (see [54] 95.6).
It follows that Ω∗′ is isomorphic to one of the groups Sp4R, SL2C, or O
′
4(R, r), taken
in its standard action on Θ. In each case there is a subset Ξ⊂Ω such that the fixed
point set Θ ∩CsΞ is isomorphic to R2 (this is obvious for the complex group; in the
other cases Ξ may be chosen as preimage of a 1-dimensional torus). Now FΞ ∩B<•B ,
Λ=(Ωc)
1∼=SO4R by 2.6(c,eˆ), and dimΩ∗≤ 7. Hence K1∼=Spin3R. As Λ has a subgroup
1 The group Ω fixes a proper subspace of Θ or Ω is irreducible and contains SL3R . In any case, the
stabilizer X in Ω of some 2-dimensional subspace H<Θ has dimension >4, but dimX|H≤ 4.
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SO3R, there is a group Φ∼=Z 42 in Ω, and Φ contains at least one reflection σ by 2.10. In
fact, σ∈∆[a,W ] , since σ∈∇w . We have dimΩ≤ 10 and dim a∆=∆:∇≥ 15. Finally 2.9
shows that σ∆σ=T∼=R16 .
Hence we may suppose that there is a proper Ω-invariant subgroup H<Θ, and dimH< 3
by Remark (k). Again there exists a subplane F<•B , and for some c∈ aH \{a} Stiffness
implies Λ∼=SU3C, but then Λ|Θ=1l, which is impossible.
(m) If t=4 and if B= 〈aΘ, u, w〉=P , then T is transitive.
B=P implies that Ω acts effectively on Θ. If this action is irreducible, then Ω′ is iso-
morphic to Sp4R or to SL4R. In both cases the central involution ω ∈Ω′ is a reflection,
since otherwise dimΩ′|Fω ≤ 7 by [54] 83.17. Again ω ∈∆[a,W ] and T=ω∆ω has even di-
mension ∆:∇, see 2.9. If dimΩ′=10, then dim∇≤ 19 and dimT≥ 14, dimT[w]≥ 6.
As ω inverts each τ ∈T , the group Ω′ acts faithfully on T[w] , and then [54] 95.10 shows
dimT[w]=8 and T∼=R16 . Now let Ω′∼=SL4R. Then Ω has a subgroup Φ∼=SO3R, and Φ
fixes some c∈ aΘ \{a} , so that Φ<Λ=Ω 1c . Stiffness properties 2.6(cˆ,eˆ) imply Λ∼=SO4R,
but dimΛ≥ 11. Suppose now that there is an Ω-invariant proper subgroup H of Θ. From
Remark (k) it follows that dimH≤ 2. Choose c∈ aH \{a} . Then dimΛ≥ 9 − dimH . We
will show that Λ is compact. If H∼=R and Λ is transitive on Θ\H , then the linear group
Λ is also transitive on Θ/H∼=R3 ; hence Λ contains SO3R and Λ∼=SU3C by 2.6(cˆ,eˆ). In
all other cases, there are some points d∈ aΘ \{a} and d′ ∈ aΘ \aH such that dimΛd≥ 5,
d′ /∈FΛd , and Λd,d′ 6=1l. Therefore FΛd<•FΛd,d′<•P . Again Λ∼=SU3C by Stiffness, but
then the action of Λ would be trivial.
(n) If t=5, then T is transitive. In fact, the group Ω acts effectively on Θ, since
〈aΘ, u, w〉=P . If this action is irreducible, then [54] 95.10 shows that Ω′∼=O′5(R, r); the
case r=0 is excluded by 2.10. Consider a subgroup Φ∼=SO3R in Ω, a point c∈ aΘ \{a}
such that cΦ= c, and Λ=(Ωc)
1 . Stiffness 2.6(cˆ,eˆ) implies Λ∼=SO4R (note that each ac-
tion of SU3C on Θ is trivial). Consequently r=1, and Ω has a subgroup X∼=SO4(R, 1).
The group X fixes some point d∈ aΘ \{a} . Now X is compact by Stiffness 2.6(cˆ), but this
is not true. Hence Θ has a minimal Ω-invariant subgroup H∼=Rs, s≤2 or s=4. In the
first case, let c∈ aH \{a} . Because any action of SU3C on Θ is trivial, stiffness property
2.6(e) implies dimΩc=7 and s=2. It follows that dim∇c=15, and dimΩ=9. Consider
the subplane E = 〈aH, u, w〉=EΩ . If E≤•P and Ω|E =Ω/K, then dimK≤ 3 and Ω:K≥ 6;
on the other hand, Ω|E ∼=Ω|H is a subgroup of the 4-dimensional group GL2R. Therefore
dim E =4 and dimΩ|E ≤ 2 (see [54] 71.7). Hence dimK≥ 7 and K1=Λ . Choose any
d∈ aΘ \aH . Then dimΛd≥ 2, 〈FΛ, d〉<•P , and Stiffness implies that Λ is compact, but
then the action of Λ on Θ is completely reducible, and Λ acts effectively on a complement
R3 of H in Θ, which is impossible. Thus s=4, and T is transitive by the previous steps.
(o) If t=6 and Ω acts irreducibly on Θ, then T is transitive. Proof: Ω′ is semi-simple by
[54] 95.6, and dimΩ′> 6. Clifford’s Lemma implies that Ω′ is almost simple or isomorphic
to a direct product SL2R×SL3R. In the second case any involution β in the larger factor B
is planar, and Γ:=CsBβ∼=SL2R. The fixed elements of Γ on Θ form a 2-dimensional sub-
group. As Γ is not compact, dimFΓ=4 and FΓ<•Fβ<•P , but then Γ would be compact
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by 2.6(c). Now it follows from [54] 95.10 that dimΩ′=8 or dimΩ′≥ 15. In the latter case
9≤ dimΩc 6=14 in contradiction to 2.6(e). Hence 9≤ dimΩ≤ 10. If dimΩ=10, then
dim a∆≥ 15, Ω∼=C×·SU3(C, r), Ω contains a central involution α∈∇[a] , and 2.9 shows
that T∼=R16 . If dimΩ=9 for each choice of w , then ∇ is transitive on S , dim∇=17,
a∆ is open in P , a maximal compact subgroup Φ of Ω satisfies dimΦ′ ∈{3, 8} , and 2.17
implies that ∇ must have a compact subgroup U2H or SU4C. These possibilities will be
discussed in the next two steps.
(p) Suppose that ∇ contains Υ∼=U2H, but not SU4C. The central involution σ of Υ
acts trivially on Θ and Υ|Θ∼=SO5R, moreover, σ is a reflection with axis av , and T[u] has
positive dimension. In fact, T[u]∼=R8 because the representation of Υ on T[u] is faithful
or since dim(av)∆=8. Note that ∇ ∩CsT[u]≤∆[v,au] . If ∆[v,au] 6=1l, then T[v] is transitive
because dim(au)∆=8, and T∼=R16 . Thus we may assume that ∇ acts effectively on T[u] ;
as Υ<∇, the action is also irreducible. Hence the commutator group ∇′ is semi-simple,
and then [54] 94.33 shows ∇′∼=SL2H. Recall that Ω′ is an almost simple group of dimen-
sion 8, and note that Ω′ acts effectively on T[u]∼=R8 . Let X=T[u] ∩CsΩ′ . Either X is
trivial and Ω′ acts irreducibly on T[u] , or X∼=R2 by complete reducibiliy and [54] 95.10,
C= 〈aX, v, w〉 is a 4-dimensional subplane, Ω′|C =1l, and Ω′∼=SU3C by Stiffness. In the
first case the centralizer of Ω′|T[u] is R× (see [54] 95.10), but the centralizer of the action
of ∇ on T[u] is H× , a contradiction. In the second case SU3C would be contained in U2H,
which is not true.
(q) Thus ∇′∼=SU4C and ∇′|Θ∼=SO6R. Again the central involution in ∇′ is a reflection
in ∇[u] and T[u]∼=R8 . Let Γ=∆av and consider the action of ∇′ on (the additive group of)
the Lie algebra lΓ . As Θ∇=Θ and dim Γ=25, the group Ξ= Γ ∩Cs∇′ is 4-dimensional.
Put Ξ ∩CsT[u]=X, and note that X
∇′ =X and that Ξ/X≤C× (see [54] 95.10). By defi-
nition, X≤∆[v] and dimX≥ 2. Either X≤T[v] , or X contains a homology and [54] 61.20
implies T[v]∼=R8 . In the first case, the action of ∇′ on Θ shows that X ∩Θ=1l. Hence
XΘ=T[v]∼=R8 and T is transitive.
(r) If t=6 and T is not transitive, then steps (k–o) imply that there exists a minimal
Ω-invariant subgroup H<Θ of dimension ≤ 2. As in step (n), let a 6= c∈ aH . Then rep-
resentation on Θ shows that Λ=(Ωc)
1 6∼=SU3C, and Stiffness 2.6(e) implies dimΛ=7.
Hence H∼=R2 , dim∇c=15, and Ξ=(∇c)1 is transitive and faithful on S . By 2.17(cˆ)
it follows that Ξ has a compact subgroup Ψ∼=U2H, but Ξ is not compact. The central
involution σ ∈Ψ is a reflection with axis av . The dual of 2.9 shows dimT[u]> 0, and then
T[u]
∼=R8 since Ψ acts faithfully on T[u] . Consequently, Ξ is an irreducible subgroup of
GL8R and Ξ
′ is semi-simple. [54] 94.33 and 95.10 imply Ξ∼=SL2H, but cΞ= c and each
representation of SL2H on Θ∼=R6 with a fixed point is trivial. This is impossible.
(s) If dim∆=33 and t=7, then T is transitive: The action of ∇ on Θ is irreducible,
because Θ is a minimal ∇-invariant group, and dim∇< 28, since dim∇Θ≤ 33. By
[54] 95. 5, 6, and 10, the group (∇|Θ)′ is isomorphic to G2 or locally isomorphic to
Spin7(R, r), r≤3, and [54] 94.27 shows that (∇|Θ)′ is covered by a subgroup Υ≤∇.
In any case it will turn out that ∇ contains a group Γ∼=G2 . Suppose that dimΥ=21.
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Then dimΩ≥ 13. Let H∼=Rs be a minimal Ω-invariant subgroup of Θ. According to
Remark (k), we have s≤ 2 or s≥ 6. Choose c∈ aH \{a} and put Λ=(Ωc)1 . In the first
case dimΛ≥ 11, and Stiffness 2.6(d) implies Λ∼=G2 . If dimH=6, then Ω acts effectively
and irreducibly on H , and Ω′ is almost simple by Clifford’s Lemma [54] 95.5. The list
[54] 95.10 of representations shows that dimΩ′≥ 15. Consequently dimΛ> 8. By 2.6(e)
again Λ∼=G2 , and ∇ has indeed a subgroup Γ as claimed. The representation of Γ on
(the additive group of) the Lie algebra l∆ is completely reducible, and ∆ : ΓΘ=12. The
only representation of G2 in dimension < 14 is the natural one as AutO on the space of
pure octonions. Therefore P=(Cs Γ)1 satisfies dimP=5, but P acts faithfully on the flat
plane FΓ , fixes u and v , and hence has dimension ≤ 4, a contradiction.
(t) Corollary. If dim∆=33 and z ∈{u, v}, then dimT[z]=0 or T[z]∼=R8 .
(u) If dim∆=33 and if dim∆[u]> 0 or ∇[u] 6=1l, then T is transitive.
This is an immediate consequence of [54] 61.20, the assumption that W is the only fixed
line, and Corollary (t).
Only the case that ∇ acts faithfully and irreducibly on Θ∼=R8 has still to be considered.
Put Γ=∆au and note that ∇≤Γ and dim Γ=25.
(v) Γ: Γ[u]≤ 22, dim Γ[u]> 0, and T is transitive.
The group Υ= Γ|Θ= Γ/Γ[u] is an irreducible subgroup of GL8R. Suppose that Γ: Γ[u]> 20.
Then dimΥ′> 18, and Clifford’s Lemma [54] 95.6 implies that Υ′ is almost simple and
irreducible (cf. [21] proof, step 18) for details). The list [54] 95.10 of representations shows
Υ′∼=Spin7(R, r) with r=0, 3; in particular, dimΥ′=21 and dimΥ≤ 22. 
The planes of 6.5 with dim∆> 34 have been described in [21]:
6.7 Cartesian planes. A plane P satisfies the conditions of 6.5 with dim∆≥ 35 if, and
only if, P can be coordinatized by a topological Cartesian field (O,+, ⋄) defined as follows :
let (R,+, ∗, 1) be an arbitrary real Cartesian field with unit element 1 such that identically
(−r)∗s= − (r∗s), and let ̺ : [0,∞)≈ [0,∞) be any homeomorphism with ̺(1)= 1. Write
each octonion in the form x= x0+ x as in 2.5, and put
s ⋄ x= |s|−1s (|s|∗x0 + ̺(|s|)·x) for s 6= 0, 0 ⋄ x=0 .
Recall that Σ= AutP . (a) If dimΣ = 39, then P is a translation plane.
(b) The plane P is a translation plane if , and only if , it can be coordinatized by a quasi-
field O⋄ where ∗ is the ordinary multiplication of the reals. In this case dimΣ = 39 if ,
and only if , ̺ is a multiplicative homomorphism ; otherwise dimΣ = 38.
(c) If P is not a translation plane, then dimΣ=38 if, and only if, P can be coordinatized
by a Cartesian field O⋄ where r∗s= rs (s≥ 0) and r∗s= |r|γ rs (s< 0) for some γ > 0
and ̺ : [0,∞)→ [0,∞) is a multiplicative homomorphism.
For the cases dimΣ=37 the reader is referred to the last part of [21].
Proofs will not be repeated here. There seems to be little chance to improve these results.
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7. Collinear fixed points
Assume in this section that ∆ fixes more than 2 points but only one line. Some results
will be stronger than in the previous section. Write F∆= {u, v, w, ...,W} .
7.0 Lie. If ∆ fixes at least 3 distinct points u, v, w and exactly one line W , and if
dim∆≥ 15, then ∆ is a Lie group.
(a) The proof is similar to that of 6.0, and the same notation will be used. Assume that
N is not a Lie group. If D= 〈x∆〉 is flat, then 2.6(aˆ) implies dim∆≤ 3+11, otherwise
K∼=G2 would be a maximal compact subgroup. If dimD=4, then dim∆≤ 6+8, again
by Stiffness. Hence D<•P , the kernel K is compact, and dimK≤ 7.
(b) Choose a line L∈D, v∈L, a point z∈L\D , and let Λ=(∆z)1 . According to Lemma
7.0 ′ below, ∆/K is a Lie group, and so is ∆/(K ∩N). Therefore we may assume that N≤K.
We have Kz =1l because 〈D, z〉=P . Hence Λ ∩N=1l and Λ is a Lie group. Moreover,
∆L :Λ< 8, or K would be a Lie group by [54] 53.2. Consequently dimΛ≥ 4.
(c) If dimK=0, then ∆:K=15 and D is the classical quaternion plane (see [52] 5. 1,3,
and 5). In this case, ∆ fixes a connected subset of uv ∩D pointwise, and FΛ is a connected
subplane of dimension at most 4. By [54] 55.4 the plane 〈zN, u, w〉≤FΛ is connected, and
then N is a Lie group by [54] 32.21 and 71.2.
(d) As in the proof of 6.0, the connected component K1 is a product of a commutative
connected group A with at most one almost simple factor Ω∼=Spin3R, and A is in the
centralizer of Λ . Either K1∼=Ω or z 6= zA⊆FΛ and FΛ is connected. In the second case
N would again be a Lie group.
(e) If K1∼=Ω, then Λ/CsΛΩ≤ AutΩ∼=SO3R and dimCsΛΩ≥ 1; in other words, Λ has a
connected subgroup P which centralizes Ω and K≈ zK⊆FP≥FΛ . Therefore FP<•P and
P is compact. In particuar, there is an involution ̺∈P such that F̺ =FP . As z̺= z , the
induced map ̺= ̺|D is either a Baer involution or a reflection.
(f) If ̺ is planar, i.e., if D ∩ F̺ <•D, F̺ , then the lines of D are 4-spheres (cf. [54] 53.10
or [48] 3.7) and so are the lines of F̺ . Richarson’s theorem (†) implies that the action
of Ω on L ∩ F̺ is equivalent to the standard action of SU2C on S4 . Hence Ω cannot fix
the 2-sphere L ∩F̺ . This contradiction shows that ̺ is a reflection with axis W ∩D and
some center a.
(g) In the latter case, the lines of D are again homeomorphic to S4 ; this follows from
the action of ∆ on D : if L ∩D is not a manifold, then ∆:∆L< 4 by [54] 53.2 (cf. also
[23] 5.5), and ∆L :K≥ 9. On the other hand, ∆a :K< 7, or L ∩D would be a manifold by
[39] (∗∗). Therefore dim a∆L =3, and ̺∆L̺ is a 3-dimensional translation group Θ of D ,
but dimΘ is even by 2.9.
(h) The lines of K= F̺ are also 4-spheres, in fact, W ∩D=W ∩K and S=L ∩K≈ S4 .
This is a consequence of [54] 92.16 and 51.20, see the proof of 4.0.
(i) Now Richarson’s theorem (†) can be applied to the action of Ω on S . It follows that
S ∩D= {a, v} and that Ω acts freely on S \{a, v} . The orbit space S/Ω is an interval and
the compact group N in CsΩ induces the identity on this interval. Hence zΩN= zΩ , but
(ΩN)z =1l. This contradiction completes the proof. 
38
7.0 ′ Lemma. Suppose that ∆ is a group of automorphisms of an 8-dimensional plane P .
If ∆ fixes at least 3 distinct points u, v, w and exactly one line W , and if dim∆≥ 8, then
∆ is a Lie group.
The proof is similar to the previous one but less involved. If ∆/N is a Lie group, but
the compact central subgroup N is not, then the arguments of 4.0 show that for some
x /∈W the orbit x∆ generates a proper connected subplane. Put D= 〈x∆, u, v, w〉 and
∆|D=∆/K, and apply the stiffness results [52] 1.5 to K. If D is flat, then ∆:K≤ 3 and
dimK≤ 3 (see also [54] 83.12); if D<•P , then ∆:K≤ 6 and dimK≤ 1 ([54] 83.11). 
7.1. If ∆ is semi-simple of dimension dim∆≥ 14, then ∆ is a Lie group, cf. 6.1.
7.2 Semi-simple groups. If ∆ is semi-simple with more than 2 collinear fixed points,
then dim∆≤ 18.
Proof. (a) Suppose that dim∆> 14. Then each involution in ∆ is planar, there is
no ∆-invariant proper subplane, and the center Z of ∆ does not contain an involution,
cf. 5.2. Moreover, Z acts freely on the affine point set, because xζ = x and ζ ∈Z\{1l}
imply 〈x∆〉≤Fζ .
(b) Let Γ be an almost simple factor of ∆, and put Ψ=(Cs∆Γ)
1 . In steps (c–g), assume
that Γ is a proper factor of minimal dimension.
(c) If Γ contains an involution ι, then dim∆≤ 18: consider Ψ|Fι =Ψ/K and Λ=K1 . Ac-
cording to [52] 5.2, we have Ψ:K≤ 9, or Ψ/K is locally isomorphic to O′5(R, 2) and Ψ has
a subgroup SO3R by step (a). The factor Λ of ∆ is trivial or isomorphic to Spin3R (see
2.6(bˆ)), but the latter is excluded by (a). If dimΨ=9, then dim Γ=3 and dim∆=12; if
dimΨ< 9, then dim∆≤ 16. In the case dim Γ= dimΨ=10 both factors would contain
SO3R, but this contradicts Lemma 2.11. Hence dim Γ≤ 8 and dim∆≤ 18.
(d) Suppose that {1l} is the only compact subgroup of ∆. Then each factor of ∆ is iso-
morphic to the simply connected covering group Ω of SL2R. If such a factor Γ is straight,
then Baer’s theorem [2] implies Γ consists of translations, because Γ is not planar and
does not consist of homologies by [54] 61.2, cf. also 5.2(g). All translations in ∆ have the
same center (or the translation group would be commutative). Hence there are at most
two straight factors.
(e) For each x /∈W and each factor Γ of ∆ the orbit xΓ ∩ Z is non-trivial by step (a), and
xΓ 6=x. Consequently E = E(x, Γ) = 〈xΓ, u, v, w〉 is a connected subplane, and E is not flat
because Γ acts non-trivially on E (see [54] 3.8). If E ≤•P , then Ψx|E =1l, Ψx is compact
by 2.6(b), and then Ψx=1l, dimΨ≤ 15, and dim∆≤ 18. We may assume, therefore, that
each plane E(x, Γ) is 4-dimensional.
(f) Choose a factor Γ which is not straight. If L is a line in E through z ∈{u, v, w} ,
then dim ΓL> 0 by the assumption in step (e). From L
Ψ=Lz \W it follows that ΓL and
hence Γ consists of translations with center z , and Γ would be straight against our as-
sumption. Consequently there are lines K =xu and L=xv such that dimKΨ, dimLΨ< 8
and Ψ:Ψx≤ 14.
(g) Consider a factor Γ̂ 6= Γ , the product X=Ψ ∩ Ψ̂ of the remaining factors, and the cor-
responding planes E , Ê = E(x, Γ̂), where x is chosen as in step (f) such that X:Xx≤ 14.
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By 2.14, we have E Γ̂ 6= E , xΓ̂ 6⊆ E , Ê 6= E , and F = 〈E , Ê〉 ≤•P . Obviously, Xx|F =1l, Xx
is compact by 2.6(b), and then Xx=1l. Now dimX≤ 12 because X is a product of 3-
dimensional factors, and dim∆≤ 18.
(h) Corollary. If dim∆> 18, and if ∆ is not almost simple, then all factors of minimal
dimension are isomorphic to the simply connected covering group Ω of SL2R and there is
at least some other factor .
(i) Assume from now on that dim∆> 18, and choose a factor Γ 6∼=Ω of ∆. Then dim Γ≥ 6
and Γ contains a planar involution ι. The arguments in step (c) show that either dimΨ≤ 9,
or Ψ⊜O′5(R, 2) has a subgroup SO3R. In both cases dim Γ≥ 10. Note that this is true
for each admissible choice of Γ . Consequently, ∆ has no factors of dimension 6 or 8. If
dim Γ=10, then Γ contains SO3R because of step (a), and Lemma 2.11 implies dimΨ≤ 9.
There is another involution ι′ ∈ Γ which commutes with ι, and ι′ fixes a subplane C<•Fι ,
or it induces a reflection on Fι with some center a /∈W . In the first case, the stiffness result
[52] 1.5(4) shows that Ψ acts almost effectively on C , and dimΨ≤ 3 by 2.14; in the second
case, aΨ= a, Ψ|aΓ =1l, 〈aΓ〉= 〈a∆〉=P , and Ψ=1l. Hence we have even dim Γ≥ 16. By
Priwitzer’s results [36] (see 5.2(j) ), we may assume that dim Γ≤ 30. This proves:
(j) If dim∆> 18, then ∆ is almost simple or a product of an almost simple group with Ω.
(k) The almost simple groups Γ with dim Γ≥ 20 have been dealt with in 5.2 steps (j–l)
under the assumption that Γ fixes a flag (and possibly further elements). In each case
a contradiction has been obtained. Thus, only the possibility Γ∼= (P)SL3C and ∆= ΓΩ
remains. An involution ι∈ Γ is the center of a subgroup Υ∼=SL2C of Γ , and Υ acts
almost effectively on Fι . A maximal compact subgroup Φ∼=SU2C of Υ induces on Fι a
group SO3R, and the involutions of Φ|Fι are planar. Hence Fι has lines homeomorphic to
S4 , and Richardson’s theorem(†) implies that E =Fι,Φ is flat. By Stiffness, Ω acts almost
effectively on E , and Ω|E is almost simple; on the other hand, Ω|E is solvable by [54] 33.8.
This contradiction completes the proof. 
7.3 Normal torus. If ∆ has a one-dimensional compact connected normal subgroup Θ,
and if dim∆≥ 15, then there exists a ∆-invariant classical quaternion subplane H, and
dim∆≤ 16.
Proof. ∆ is a Lie group by 7.0, hence Θ∼=T is a torus. As in 6.3, the involution ι∈Θ
is in the center of ∆, and H :=Fι=H∆ is a Baer subplane. Put again ∆|H=∆/K. If
Θ|H 6=1l, then it follows from [52] 7.3 and Stiffness that dim∆≤ 7+3. Therefore Θ≤K,
K1 6∼=Spin3R, dimK=1, and 14≤∆:K≤ 15. Now the claim is a consequence of [52] 7.3
or [51] Th. 5. 
7.4 Theorem. If dim∆ ≥ 32 and ∆ has (at least) 3 fixed points, then ∆ contains a
transitive translation group T. Either dim∆ = 32 and a maximal semi-simple subgroup
Ψ of ∆ is isomorphic to SU4C, or dim∆ ≥ 37 and P ∼= O .
This has been proved in [47]; the result seems to be best possible. Translation planes
with a group locally isomorphic to SU4C have been studied in a long paper by Ha¨hl [14]
without any assumption on the existence of a fixed point on the translation axis:
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7.5 Theorem. Let Σ be the automorphism group of a translation plane with translation
axis W . If Σ has a subgroup Υ⊜ SU4C with a unique fixed point o /∈W , then Υ is normal
in the connected component of Σo or P is the classical octonion plane.
Remark. Specific non-classical examples have been given in 4.12.
8. Fixed double flag
Throughout this section, ∆ fixes exactly 2 points and 2 lines, i.e., F∆= 〈u, v, av〉 is a
double flag . In the classical plane O a maximal semi-simple subgroup Φ of Σu,v,av is
isomorphic to Spin8R and fixes even a triangle.
8.0 Semi-simple Lie groups. If ∆ is semi-simple, F∆= 〈u, v, av〉 is a double flag,
and dim∆≥ 26, then ∆ is a Lie group.
Proof. By [37] or 2.3 it suffices to consider the case dim∆=26. Write ∆= ΓΨ, where Γ is
an almost simple factor ofmaximal dimension. Note that dim Γ≥ 8 since dim∆≡ 2 mod 3.
(a) ∆ does not contain a reflection σ with center v or axis uv (or else σ∆σ would be a
commutative normal subgroup, see 2.9). Therefore each involution in ∆ is either planar or
a reflection in ∆[u,av] , and one of two commuting involutions is planar, see 2.10. Moreover,
any non-central involution ι of an almost simple factor X is planar: if ι is a reflection,
then 〈ιX〉=X≤∆[u,av] , and X is compact or two-ended by [54] 61.2, hence a compact Lie
group of rank 1. If X∼=SO3R, the involutions in X are planar; if X is simply connected,
the only involution in X is central.
(b) If Υ is a semi-simple group in the centralizer of a planar involution β , then dimΥ≤ 13:
Consider the induced group Υ|Fβ =Υ/K. From [52] 6.1 it follows that Υ:K≤ 10. On the
other hand, K1=Λ ⊳Υ is compact and semi-simple, and then Λ is a Lie group (cf. [54]
93.11), and Stiffness implies Λ∼=Spin3R or Λ=1l.
(c) Suppose that dim Γ=20. Then Γ∼=Sp4C (because PSp4C contains SO5C>SO5R)
and β =diag(1, 1,−1,−1) is planar. We have Cs β≥ (SL2C)2·Ψ, and dimCs β would be
too large.
(d) If dim Γ=16, then Γ∼= (P)SL3C and diag(1,−1,−1) corresponds to a planar involution
β containing SL2C·Ψ in its centralizer, and dimCs β is again too large.
(e) Each group Γ of type A3 contains a planar involution β centralizing a 6-dimensional
semi-simple subgroup of Γ . This is easy in the cases SU4C, SL2H, SL4R and its universal
covering group; it is less obvious for the groups related to SU4(C, r), r=1, 2, which are
not necessarily Lie groups, see 8.2(j) Case 4) below. Once again this contradicts step (b).
(f) If Γ is the compact group G2 , then Ψ would be solvable by [54] 33.8. In the case
Γ⊜G2(2) a maximal compact subgroup Φ of Γ is isomorphic to SO4R or to (Spin3R)
2 ,
and ΦΨ would centralize a planar involution in contradiction to step (b).
(g) Corollary. All factors of ∆ have dimension at most 10.
(h) If dim Γ=10, then ∆ is a Lie group. Suppose that xΓ=x for some point x /∈ av ∪ uv .
Then x∆= xΨ , D := 〈xΨ〉=D∆ , and Γ|D=1l. Now D is flat by Stiffness, but then dim∆
would be too small. Dually each fixed line of Γ contains either u or v . As dim∆[u,av]≤ 8,
we have Γ 6= Γ[u] . If Γ= Γ[v] , then the dual of [54] 61.20(a) shows that Γ∼= Γ[au]⋉Γ[uv] is
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not almost simple. Hence there is a point p /∈ av ∪ uv such that E = 〈pΓ〉 is a subplane,
and E≤•P , or else dim Γ|E ≤ 6. As Ψp|E =1l, Stiffness shows that Ψp is compact and
dimΨp≤ 7. Therefore dim pΨ> 8, 〈pΨ〉=P , and Γp=1l. It follows that E =P , Ψp=1l,
and dim pΨ=16. According to [54] 96.11(a) the orbit pΨ is open in P , and then Ψ is a Lie
group by [54] 53.2. The center of Γ contains arbitrarily small compact subgroups N such
that Γ/N is a Lie group (cf. [54] 93.8.) For each ν ∈N there exists a unique ν̂ ∈Ψ with
pν = pν̂ . Because N≤Cs∆, the map (ν 7→ ν̂) :N→Ψ is a continuous homomorphism, N
is a Lie group, and so are Γ and ∆.
(i) If dim Γ=8, then ∆ is a Lie group. The first arguments are similar to those in step (h),
but not quite the same. If xΓ= x /∈ av ∪ uv and D= 〈xΨ〉 , then Γ|D=1l and dimD≤ 4.
Let y ∈D such that Λ=∆x,y fixes a quadrangle. It follows that ∆ :Λ≤ 8 and dimΛ≤ 14.
Thus dim∆ would be too small. Dually LΓ=L∈L implies L∈Lu ∪Lv . If Γ= Γ[u] , then
Γ is compact by [54] 61.2 and transitive on uv \{u, v} , which is impossible. If Γ= Γ[v] ,
then Γ 6= Γ[v,uv] (note that Γ contains an involution and apply [54] 55.28). Therefore
Γ∼= Γ[au]⋉Γ[uv] by [54] 61.20, and Γ would not be almost simple. Again there is a point p
such that E = 〈pΓ〉≤•P . We have Ψp|E =1l and dimΨp≥ 2 because dimΨ=18. Hence E
is a Baer subplane, dimΨp≤ 7 by Stiffness, dim pΨ≥ 11, and 〈pΨ〉=P . The center of ∆
contains a compact subgroup Ξ<Ψ such that Ψ/Ξ is a Lie group. Obviously Ψp|pΓΞ =1l,
E <P , and 〈pΓΞ〉= E . As 〈pΨ〉=P , it follows that (ΓΞ)p=1l and dim pΓΞ=8. Now pΓΞ
is an open point set in E , and ΓΞ is a Lie group by [54] 53.2. Consequently Γ and Ψ are
Lie groups. 
8.1 Lemma. If ∆ is almost simple, and if F∆ is a double flag, then each non-central
involution in ∆ is planar , see step (a) in the previous proof.
8.2 Semi-simple groups. If F∆ is a double flag and ∆ is a semi-simple Lie group,
then dim∆≤ 24.
Because of the possible existence of a reflection in ∆[u,av] , the proof differs in several steps
from the proof of 7.2; accordingly, the result is much weaker. By Priwitzer’s Theorem 4.2,
we may assume dim∆≤ 28.
(a) If there exists a ∆-invariant proper subplane F , then dim∆≤ 18: write ∆|F =∆/K,
and put Λ=K1 and dimF = d . Note that F∆ need not be contained in F . If d≤ 2, then
∆=K or ∆/K is solvable by [54] 33.8, hence ∆=Λ and dimΛ< 14 by Stiffness. For d=4,
there are 3 subcases: if F =FK , then u, v, av∈F , ∆:K≤ 3 by 2.14, and dimK≤ 8. If
F<•FK<•P , then v∈F or v is incident with a unique line L=L∆ ∈F , ∆:K≤ 8 by [54]
71.8 and dimK≤ 7. If FK=P , then K=1l and ∆ is a subgroup of the 16-dimensional
group PSL3C. Finally, let d=8. Either u, v, av∈F , ∆:K≤ 10 by [52] 6.1, and Λ is
compact and semi-simple, hence a Lie group contained in Spin3R, or FK=P , K=1l, and
∆ acts faithfully on F . Each exterior fixed element is incident with a unique interior
element, and this is ∆-invariant. From [52] 7.3 it follows that dim∆≤ 13, or F ∩F∆ is
a non-incident point-line pair and F is the classical quaternion plane. In the latter case
dim∆≤ 18. (This is best possible: the stabilizer X of an exterior flag in a proper Hughes
plane fixes a non-incident interior point-line pair and hence a double flag in P ; the group
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X has a semi-simple subgroup ∆ of dimension 18.) This proof shows also the following:
(b) Corollary. If u, v, av∈F , in particular, if FΞ=F ∆Ξ <P for some set Ξ⊆∆, then
dim∆≤ 13. Hence each central involution in ∆ is a reflection with center u and axis av
whenever dim∆> 13 (see 2. 9 and 10).
(c) Let Γ be a proper almost simple factor of ∆ and put Ψ= (Cs∆Γ)
1 . Assume first that
Γ has minimal dimension. If Γ contains a planar involution ι, we write Ψ|Fι =Ψ/K.
According to [52] 6.1, we have Ψ:K≤ 10. Either K is discrete or K1∼=Spin3R. In the
latter case, dim Γ=3 by minimality, dimΨ≤ 13, and dim∆≤ 16.
(d) Suppose from now on that dim∆≥ 20. If ∆ has two distinct factors Γν ∼=Spin3R, then
step (b) implies that the central involution ιν ∈ Γν is a reflection in ∆[u,av] . As ι1ι2= ι2ι1 ,
it follows from 2.10 that ι1= ι2= ι, and Γ1Γ2∼=SO4R has a subgroup Φ∼=SO3R. Any
involution β ∈Φ is distinct from ι, hence planar, and the arguments of step (c) show that
dim(Ψ1 ∩Ψ2)≤ 13, dim∆< 20 contrary to the assumption. More generally, the same
reasoning shows that at most one 3-dimensional factor has a non-trivial torus subgroup.
(Note that a subgroup T2< Γ1Γ2 contains a planar involution.)
(e) If Γ is straight, then Γ∼=Spin3R is a compact group of homologies in ∆[u,av] , or Γ is con-
tained in the translation group T=∆[v,uv] and Γ has no compact subgroup other than {1l}.
In particular, dim Γ=3. At most one straight factor of ∆ is compact, at most two consist
of translations . By Baer’s theorem, either FΓ<•P is a ∆-invariant subplane, which con-
tradicts steps (a,b), or center and axis of Γ are fixed elements of ∆. If Γ≤∆[u] , then Γ is
compact by the second part of 2.12, and 6 6= dim Γ< 8; if Γ≤∆[v] and hence Γ≤T , use
[54] 55.28.
(f) If ∆ is a product of 3-dimensional factors, then dim∆≤ 21: By the assumption in
step (d), there are at least 7 such factors; at most 3 of them can be straight, see step (e).
Hence there is a point x and a factor Γ such that E = 〈xΓ, u, v, av〉 is a subplane, E is
not flat by [54] 3.8, and Ψx|E =1l. If E ≤•P , then Stiffness implies dimΨ≤ 16+3. As
dimΨ≡ 0 mod 3, it follows that dimΨ≤ 18. We may assume, therefore, that dim E =4.
If possible, choose Γ as the factor of torus rank 1. Otherwise let Γ̂ denote the straight
compact factor if such a factor exists. In the second case, G = 〈xΓΓ̂, u, v, av〉≤•P because
Γ̂ consists of homologies; in the first case, E Γ̂ 6= E for some factor Γ̂ by step (b), so that
again G ≤•P . Let X=Ψ ∩ Ψ̂ be the product of the remaining factors. Then Xx|G =1l, Xx
is compact, and then Xx=1l by the choice of Γ and Γ̂ . Consequently, dimX< 16, and (f)
is proved.
(g) If some almost simple factor Γ of ∆ has dimension dim Γ∈{6, 8}, then dim∆≤ 26;
moreover, dim Γ=6 or dimΨ< 19. By step (e), Γ is not straight. Hence there is a point
x such that E = 〈xΓ, u, v, av〉 is a subplane. 2.14 implies E≤•P (note that Γ acts non-
trivially on E ). Again Ψx|E =1l, dimΨx≤ 3, and dimΨ≤ 16+3. In the case of equality,
E is a Baer subplane, dimΨx=3, dim xΨ=16 and xΨ is open in P , see [54] 96.11. By
construction, xψ ∈E ⇔Eψ = E for ψ∈Ψ. Put Ξ=ΨE . Then xΞ is an open point set
in E , and Ξ/Ψx≈xΞ (cf. [54] 96.9). Consequently, dimΞ=8+3. If dim Γ> 6, then
dim ΓΞ|E ≥ 8+11−3, but the stabilizer of a double flag in E has dimension ≤ 15 by [54]
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83.26. Hence dim Γ=6 or dimΨ≤ 18. More can be shown, using the structure of ∆:
(h) If ∆ has an almost simple factor Γ of dimension 6, then dim∆≤ 24.
Suppose that dim∆> 24. Then dimΨ=19. This case has been discussed in the previous
step, and the same notation will be used. Step (b) shows that Γ contains a unique invo-
lution, and this is a reflection. Consequently, Γ∼=SL2C, Γ is not a group of homologies
by [54] 61.2, and Γ|av∼=SO3C. Moreover, E<•P , xΞ is open in the point space of E , and
Ξ has an open orbit on av ∩ E . Therefore the lines of E are manifolds homeomorphic to
S4 , see [54] 53.2. According to Richardson’s theorem (†), a maximal compact subgroup
Φ of Γ fixes a circle C ⊂ av ∩ E . Consider the 11-dimensional group X=ΦΞ|E , and note
that CX=C . Let a, b∈C \{v} . Then dimXa,b≥ 9. On the other hand, dimXa,b≤ 7 by
the stiffness result [39] (*) or [52] 1.5(6).
(i) If some almost simple factor Γ of ∆ has dimension dim Γ=8, then dim∆≤ 24.
Let dim∆> 24. Step (g) implies dimΨ∈{17, 18} . If Ψ is an almost direct product AB
with dimB> 10 and rkB≥ 2, then B contains a planar involution β , and dimAΓ|Fβ ≤ 10
by [52] 6.1. The kernel of the action of AΓ on Fβ is a compact normal subgroup of AΓ of
positive dimension ≤ 3, hence it coincides with A, FA=Fβ , and A∼=Spin3R by Stiffness.
Now F B
A
=FA is ∆-invariant in contradiction to step (b).
Next, let ∆ be a product of two 8-dimensional almost simple factors Γ, Γ̂ and one 10-
dimensional factor Ω. Each of these factors has a 3-dimensional compact subgroup. If
some factor contains a planar involution ι (in particular, if the factor has rank 2, or if it
has a subgroup SO3R), then the product of the other two factors of ∆ induces on Fι a
semi-simple group of dimension at least 16, but this contradicts [52] 6.1. Hence each of
the 3 factors of ∆ has a maximal compact subgroup isomorphic to Spin3R. The central
involutions of these subgroups coincide with a unique reflection σ∈∆[u,av] . There is some
point x such that E = 〈xΓ̂, u, v, av〉 ≤•P . Let Λ be the connected component of (ΓΩ)x ,
and note that dimΛ≥ 2 and that Λ|E =1l. By Stiffness, Λ∼=Spin3R, and Λ is contained in
a maximal compact subgroup Φ∼=SO4R of ΓΩ. It follows that Λ is one of the two normal
factors of Φ. Consequently, Λ is contained in Γ or in Ω, but Λ is planar, a contradiction.
The case of two 8-dimensional factors Γ, Γ̂ and factors Aν , ν=0, 1, 2 of dimension 3 can
be dealt with similarly: by step (d), at most one of the Aν , say A2 , can have positive
rank. Because of [52] 6.1, the fixed point set of Aν is at most 4-dimensional. By Baer’s
theorem, there is some point x such that E = 〈xA1A2 , u, v, av〉 is a subplane and that A1A2
induces a 6-dimensional group on E . From 2.14 it follows that dim E > 4, and E≤•P . Put
Ξ= ΓΓ̂A0 . Then dimΞ=19, dimΞx=3, Ξx|E =1l, and Λ=(Ξx)1∼=Spin3R is contained
in a maximal compact subgroup Φ of Ξ. Again Φ∼=SO4R. For the same reason as be-
fore, this is impossible. The only remaining case that Ψ is a product of six 3-dimensional
factors can be excluded by the arguments of step (f).
(j) If ∆ has a 10-dimensional factor Γ, then dim∆≤ 24.
We may assume that 25≤ dim∆≤ 28 and that there is no factor of dimension 6 or 8. If Γ
contains two commuting involutions, then there is a planar involution β ∈ Γ , dimΨ|Fβ ≤ 10
by [52] 6.1, and dim∆≤ 23. Therefore Γ is isomorphic to the simply connected covering
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group of O′5(R, 2), and the unique central involution σ∈ Γ is a reflection in ∆[u,av] .
Case 1) There are exactly two almost simple factors A,Υ 6= Γ , where dimΥ∈{14, 15} and
rkΥ=2. Then Υ contains a planar involution ι, and dim ΓA|Fι ≤ 10 by [52] 6.1. Hence
A|Fι =1l and A∼=Spin3R by Stiffness. The involution α∈A is planar, and ΓΥ|Fα would
be too large.
Case 2) ∆ has at least two 3-dimensional factors, A and B. At most one of them con-
sists of homologies with axis av (see steps (d,e) ). Let A|av 6=1l. Then there is a point
x such that 〈xA, u, v, av〉 is a subplane, and so is E = 〈xAB, u, v, av〉 . If dim E < 8, then
2.14 shows that AB|E is almost simple. By assumption A|E 6=1l. Hence B|E =1l, E ≤FB ,
F ∆
B
=FB<P , and dim∆≤ 13 by Corollary (b). Therefore E≤•P . Put X= (AB)1 . Then
Xx|E =1l, dimX≤ 16+3, and dim∆≤ 25. This takes care of all possibilities except the
following ones: Ψ is an almost simple group of dimension 16, or dimΨ=15 and Ψ is
almost simple or a product of 3-dimensional factors.
Case 3) Ψ is isomorphic to (P)SL3C. There are 3 pairwise commuting involutions con-
jugate to β =diag(−1,−1, 1); they are necessarily planar, and (CsΨβ)′∼=SL2C. Hence
(Cs∆β)
′ induces on Fβ a 16-dimensional semi-simple group in contradiction to [52] 6.1.
Case 4) Similarly, the groups Ψ of type A3 can be dealt with by exhibiting a suitable
semi-simple group Υ in the centralizer of a planar involution β .
Ψ β Υ Ψ/〈−1〉
SU4C diag(−1,−1, 1, 1) (SU2C)2 SO6R
SL2H diag(−1, 1) (SU2C)2 O′6(R, 1)>SO5R
SU4(C, 1) diag(−1,−1, 1, 1) SU2C×SL2R Uα3H
SU4(C, 2) diag(−1,−1, 1, 1) (SU2C)2 O′6(R, 2)
SL4R diag(−1,−1, 1, 1) (SL2R)2 O′6(R, 3)>(SO3R)2
S˜L4R β ∈ Spin4R Spin4R
Here Ψ˜ denotes the simply connected covering group of Ψ. Recall from 2. 10, and 11
that ∆ has no subgroup SO5R or (SO3R)
2 . Hence Ψ cannot be a proper factor group
of SU4C, SL4R, or SL2H. (Note that {(a b ) | a, b∈H′ }≤SL2H.) For Ψ∼=SU4(C, 1), the
involution β is contained in SU3C and corresponds to a planar involution in each factor
group of Ψ as well as in each covering group; the centralizer of such an involution contains
a semi-simple group locally isomorphic to SU2C×SU2(C, 1)∼=SU2C×SL2R. Similarly, if
Ψ∼=SU4(C, 2), then β ∈ (SU2C)2 commutes with the reflection −1l; hence β corresponds
to a planar involution in each factor group and in each covering group of Ψ, centralizing
a 6-dimensional compact semi-simple group.
Case 5) All factors of ∆ other than Γ are 3-dimensional. Recall that Γ is the simply con-
nected covering group of O′5(R, 2). This case is more complicated. Choose A and B among
the 3-dimensional factors and a line ux such that (ux)A 6= ux and E = 〈xAB, u, v, av〉≤•P
as in Case 2). Let again X= (CsAB)1 . If dim∆≥ 25, then dimX=19, Xx|E =1l,
dimXx≤ 3, dim xX=16, and (vx)X is open in the pencil Lv by [54] 96.11. As x /∈ av
is an arbitrary point of ux\{u} , it follows that ∆ is transitive on S=Lv \{av, uv} . The
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exact homotopy sequence ([54] 96.12) will be applied to this action. Let L be some line in
S , and consider the part
· · · → π7∆→ π7S→ π6∆L → . . .
of the homotopy sequence. Note that S is homotopy equivalent (≃) to S7 by 2.1. Choose
maximal compact subgroups Φ in ∆ and K in ∆L such that K≤Φ. Then ∆≃Φ and
∆L≃K by the Mal’cev-Iwasawa theorem [54] 93.10, and we get an exact sequence
· · · → π7Φ→ π7S7 → π6K→ . . . .
It is well-known that π7S7∼=Z (see, e.g., [55] 7.5.6 or [7] II.16.4). A maximal compact
subgroup of Γ is isomorphic to Spin3R, hence homeomorphic to S3 . At most one of the
3-dimensional factors has a non-trivial maximal compact subgroup, it is homeomorphic to
S3 or to S1 . If k is odd, then all homotopy groups πqSk with q 6= k are finite ([55] 9.7.7)
and πqS1=0 for q 6=1 ([55] 7.2.12); in fact, π7S3∼=Z2 and π6S3∼=Z12 . Therefore both
π7Φ and π6K are finite. Exactness would force π7S7 to be finite, a contradiction. This
completes the proof of step (j) and shows that ∆ is almost simple or has some almost
simple factor of dimension ≥ 14.
(k) If each almost simple factor of ∆ has dimension 3 or 14, then dim∆≤ 20.
By step (f), we may assume that dim Γ=14, and then rk Γ=2. Lemma 8.1 implies that Γ
contains a planar involution ι. For the compact group Γ of type G2 it has been stated in
2.5 that CsΓι is semi-simple and dimCsΓι=6. Now let Γ be a non-compact group of type
G2 . If Γ is strictly simple, then Γ has a subgroup Φ∼=SO4R; by Lemma 8.1 we may choose
ι as the central involution of Φ; the double covering group of Γ contains Φ˜∼= (Spin3R)2 ,
and the central involution of one of the two factors of Φ˜ can be taken as ι, so that in each
case dimCsΓι≥ 6. Now the following lemma shows dimΨ≤ 6 and the assertion is proved.
(ℓ) Lemma. If ι is a planar involution in Γ and if X is a maximal semi-simple subgroup
of CsΓι, then dimXΨ|Fι ≤ 10 (by [52] 6.1) and dimX+ dimΨ≤ 10+3.
(m) If each almost simple factor of ∆ has dimension 15, 16, or 3, then dim∆≤ 22.
In fact, if dim Γ∈{15, 16} , then there is a planar involution ι∈ Γ such that CsΓι contains
a 6-dimensional semi-simple group, see cases 3) and 4) of step (j). Lemma (ℓ) implies
dim∆≤ 16+ dimΨ≤ 22.
(n) If ∆ has an almost simple factor Γ of dimension 20, then ∆∼=Sp4C.
By the last part of 2.10, the simple group SO5C cannot act on a plane. Its covering group
Spin5C
∼=Sp4C contains a planar involution ι=diag(−1,−1, 1, 1) centralized by the 12-
dimensional semi-simple group (Sp2C)
2∼= (SL2C)2 . Hence ∆= Γ by Lemma (ℓ). (In fact,
the group (SL2C)
2 cannot act on Fι and case (n) is impossible).
(o) Suppose that ∆ has an almost simple factor Γ of type B3 . Then dim∆≤ 24.
By 2. 10 and 11, none of the simple groups O′7(R, r) can act on P . The central involution of
the compact group Γ∼=Spin7R is a reflection with axis av , and the action of Γ on av \{v}
is equivalent to the linear action of SO7R on R
8 , see 2.15. Hence Γ fixes a circle on av .
For z ∈ uv \{u, v} , Stiffness implies that Γz =Λ∼=G2 , that FΛ is a flat subplane, and that
Ψ=Cs Γ acts almost effectively on FΛ . Now Ψ|FΛ is solvable by [54] 33.8. Hence ∆= Γ .
Next, let Γ∼=Spin7(R, 1). As Γ contains a 3-torus, there are (at least) 6 non-central pla-
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nar involutions in Γ . By the covering homomorphism, they are mapped to involutions in
O′7(R, 1), up to conjugacy to diagonal matrices with entries ±1 and determinant 1. In
the centralizer of each of these matrices there is a semi-simple group of dimension ≥ 9,
which is covered by a semi-simple group in the centralizer of a planar involution in Γ .
Consequently, Lemma (ℓ) shows 9+ dimΨ≤ 13, dimΨ≤ 3, and dim∆∈{21, 24} . The
same arguments apply in the cases r > 1 even if there are more possibilities than just a
double covering of O′7(R, r).
(p) If ∆ has an almost simple factor Γ of type C3 , then dim∆=21 and ∆= Γ .
The planar involution diag(−1,−1, 1) in U3(H, r) has a semi-simple centralizer U2H×H′
of dimension 13. From Lemma (ℓ) it follows that ∆= Γ , and the claim holds for the 4
groups (P)U3(H, r) with r=0, 1. The symplectic group Γ=Sp6R has a maximal compact
subgroup U3C. The involution ι=diag(−1,−1, 1)∈SU3C is planar, its centralizer con-
tains the semi-simple group Υ=Sp4R×Sp2R of dimension 13. The element ι is mapped
to a non-central involution in PSp6R, and it belongs to each of the infinitely many covering
groups of Γ because SU3C is simply connected. In any case, the centralizer of ι is locally
isomorphic to Υ. Again dimΥ+ dimΨ≤ 13 and ∆⊜ Γ .
(q) Each group Γ⊜SU5(C, r) contains a non-central and hence planar involution corre-
sponding to ι=diag(−1,−1,−1,−1, 1), and ι is centralized by the 15-dimensional group
Υ=SU4(C, r−1), but planarity implies dimΥ≤ 10. Analogously, the simply connected
covering group of SL5R can be excluded.
(r) Only one possibility remains: Γ=∆ is an almost simple group of dimension 28, in
fact, an orthogonal group of type D4 , see [54] 94.33 and 2.16 above. From 2.10 and 2.11
it follows that ∆ is a proper covering of a group PO′8(R, r) different from O
′
8(R, r). By
step (b) there is at most one central involution. As Spin8R has center (Z2)
2 , the group ∆
is not compact and r 6=0. If r=4, a maximal compact subgroup of the simply connected
covering group ∆˜ is isomorphic to (Spin4R)
2∼= (Spin3R)4 . Hence each non-trivial element
in the center of ∆ is an involution, and ∆ would contain (SO3R)
2 contrary to 2.11.
(s) The cases 0<r< 3 can be excluded by similar arguments as in step (p): ∆ contains the
simply connected double covering Φ=Spin6R of SO6R. Choose a 1-torus Θ<Φ which
is disjoint from the kernel of the covering map κ :∆→PO′8(R, r). Up to conjugation, the
involution ι∈Θ is mapped onto diag(−1,−1, 1, ..., 1)∈O′8(R, r). Hence Cs∆ι contains a
15-dimensional semi-simple group Υ⊜O′6(R, r), but dimΥ≤ 10 by [52] 6.1.
(t) Finally, let ∆ be a double covering of O′8(R, 3), and consider the covering map
of a 2-torus Θ in the subgroup Spin5R of ∆ into SO5R. Up to conjugation, some
non-central (and hence planar) involution ι∈∆ is contained in Θ and is mapped onto
diag(−1,−1, 1, 1, 1)∈SO5R, and Cs∆ι is locally isomorphic to O′6(R, 3), again a contra-
diction. 
8.3 Normal torus. Suppose that F∆ is a double flag and that ∆ has a one-dimensional
compact connected normal subgroup Θ ⊳∆. Then dim∆≤ 30.
Proof. (a) We may assume that dim∆≥ 27. Then ∆ is a Lie group by 2.3, and Θ is
a central torus. If Λ<∆ and if FΛ is a subplane, then Θ acts non-trivially on FΛ (or
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else FΛ≤FΘ=F ∆Θ <P and dim∆≤ 18 by Stiffness). Hence FΛ is not flat, dimFΛ≥ 4,
dimΛ≤ 8, ∆:Λ≤ 8+16, and dim∆≤ 32. In fact, Θ≤∆[av] : let a, c∈K = av \{v} and
z ∈S =uv \{u, v} , and consider Γ=∆a,c and Λ= Γz . If a 6= c∈ aΘ , then Γ=∆a and
∆:Λ≤ 16 contrary to the assumption.
(b) Suppose that dim∆=32. Then ∆z is doubly transitive on K , Γ is transitive on S ,
dim Γ=16, and Λ∼=SU3R. If Φ is a maximal compact subgroup of Γ , then Φ′∼=SU4C
by 2.17(d). Now ΘΦ′≤Φ and Φ:Λ=8, but then Φ would be transitive on S , which is
impossible. Therefore dim Γ< 16 and dim∆< 32.
(c) Let dim∆=31. Then dim Γ=15 by step (b), and ∆ is doubly transitive on K (no-
tation as in (a) ). Put ∇=∆a and ∇̂=∇|K ∼=∇/N . The kernel N=∆[av] consists of
homologies with center u and ΘEN by step (a). Let K be a maximal compact con-
nected subgroup of N . Then N :K≤ 1 by [54] 61.2, and K has torus rank rkK=1 (use
[54] 55.35). Therefore K=Θ, dimN≤ 2, and 21≤∇:N< 23. The structure of doubly
transitive groups has been determined by Tits, cf. [54] 96.16. As K is not compact, ∇̂
is a transitive subgroup of GL8R; these groups are described explicitly in [58], see also
[54] 96. 19–22. In particular, ∇̂=HΥ̂ is a product of an almost simple Lie group Υ̂ and
a subgroup H of its centralizer; moreover H≤H× , a maximal compact subgroup of Υ̂
is transitive on the 7-sphere formed by the rays in R8 , and 16< dim Υ̂< 23. In this
dimension range, only three almost simple groups have an 8-dimensional irreducible rep-
resentation, viz. the groups Sp4C, Spin7R, and Spin7(R, 3), see [54] 96.10. The last one
does not act transitively on S7 , the other two are simply connected. By [54] 94.27 it follows
that ∇ has a subgroup Υ which is isomorphic to one of Sp4C or Spin7R. First, let Υ be
compact. Then ∇∼= eR·Spin7R·Θ and ∇c=Λ×Θ with Λ∼=G2 (see 2.15). Now FΛ is a
flat subplane and Θ acts as a group of homologies on FΛ . This contradicts [54] 32.17 and
shows that Υ∼=Sp4C. The fixed elements of the involution ι= (−1,−1, 1, 1) on av form
a 4-sphere. Hence Fι<•P . Choose c and z as before, but in Fι . Then FΛ<•Fι , and
Stiffness 2.6(c,eˆ) implies Λ∼=SU3C. This group, however, is not contained in the maximal
compact subgroup U2H of Υ. Alternatively, CsΥι has a subgroup (SL2C)
2∼= (Sp2C)2
contrary to [52] 6.1. 
Remark. Under the assumptions of 8.3, suppose that dim∆≥ 20. Then ∆ is a Lie group
or the center Z of ∆ consists of homologies in ∆[u,av] .
Proof. (a) Assume that aZ 6= a and that ∆ is not a Lie group. Let N be a compact
0-dimensional normal subgroup such that ∆/N is a Lie group (cf. [54] 93.8). Put ∇=∆a
and note that Θ≤Z and that ∇|aZ =1l. There is some point p∈ au\{a, u} such that
pΘ 6= p (or else Θ≤∆[v,au] , which contradicts aZ 6= a). The group Λ=(∆p)1 fixes aZ ,
hence a quadrangle, ∆:Λ≤ 16, and E :=FΛ= EΘ is a connected proper subplane. From
Θ|E 6=1l it follows that dim E ≥ 4 (use [54] 32.21b and 17).
(b) If dim E =4, then N|E =N/Ξ is a Lie group by [54] 71.2, and Ξ 6=1l. Hence E ≤FΞ<P ,
and FΞ is ∆-invariant. We have ∆:∇≤ 8, ∇:Λ= dim p∇ , and p∇⊆FΞ . Consequently
∆:Λ≤ 12 and dimΛ≤ 8. If FΞ= E , then dim p∇≤ 2 and dim∆≤ 18; if FΞ<•P and
dimΛ=8, then Λ∼=SU3C and the lines of FΞ are 4-spheres, but then Λ cannot act on
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FΞ , see (†). Therefore dim∆< 20. If E<•P and Λ ∩N=1l, then Λ is a Lie group and
dimΛ≤ 3 by Stiffness, hence dim∆≤ 16+3< 20. If 1l 6= ζ ∈Λ ∩N , then E =Fζ = E∆ and
∆:Λ≤ 8. In this case dim∆≤ 15. 
The following theorems have been proved in [20]:
8.4. If dim∆≥ 33 and if F∆= 〈u, v, av〉 is a double flag, then the translation group
T=∆[v,uv] is transitive and Φ=(∆a)
′∼=Spin8R. In particular, dim∆≥ 36. If dim∆≥ 38,
then the plane is classical .
8.5 Distorted octonions. Let (R,+, ∗, 1) be a topological Cartesian field with unit
element 1 such that (−r) ∗ s= − (r ∗ s) = r ∗ (−s) holds identically. Define a new mul-
tiplication on the octonion algebra (O,+, ) by a ◦x= |a|∗|x| |ax|−1 ax for a, x 6=0 and
0 ◦x= a ◦ 0=0. Then the distorted octonions (O,+, ◦) form a topological Cartesian field .
8.6 Theorem. A plane P can be coordinatized by distorted octonions if, and only if, P
has the properties of Theorem 8.4.
9. Fixed triangle
Let F∆= 〈a, u, v〉 be a triangle. If P is a translation plane with translation axis uv , then
∆ has a compact subgroup Φ of codimension ∆ :Φ≤ 2, see Ha¨hl [15], [54] 81.8. There
seems to be no way to extend this basic result to general 16-dimensional planes; cf. 9.1,
however.
9.0 Lie. If F∆= 〈a, u, v〉 is a triangle, and if dim∆≥ 26, then ∆ is a Lie group.
By [37], only the case dim∆=26 requires a proof. Suppose that ∆ is not a Lie group,
and consider the action of ∆ on the sides Sν of the triangle (without the vertices). If
∆ is transitive on Sν , then ∆|Sν =∆/Kν is a Lie group, see [54] 53.2. Suppose that this
happens for two distinct indices µ, ν . It follows that Kν is a Lie group, since Kµ ∩Kν =1l,
and then ∆ itself is a Lie group by [54] 94.3(d). For the same reason, all orbits on two sides
of the triangle have dimension < 8, and dim x∆≤ 14 for each point x /∈ au ∪ av ∪ uv . Put
Λ=(∆x)
1 . Then ∆:Λ≤14 and dimΛ> 11. Stiffness implies Λ∼=G2 , and representation
of Λ on the Lie algebra l∆ shows dimCsΛ∈{5, 12} . Again by Stiffness, CsΛ acts almost
effectively on the flat plane FΛ . This contradicts the assumption on F∆ . 
Remark. If F∆= 〈a, u, v〉 is a triangle, if dim∆≥ 19, and if x /∈ au ∪ av ∪uv , then ∆x
is a Lie group.
Proof. We may assume that ∆ is not a Lie group. Again there exist arbitrarily small
compact central subgroups N≤∆ of dimension 0 such that ∆/N is a Lie group, see
[54] 93.8. We will show that N acts freely on P \(au ∪ av ∪uv). Suppose that a, u, v, x
is a non-degenerate quadrangle, and that xζ =x for some ζ ∈N\{1l} . Then ζ |〈x∆〉=1l
and D= 〈x∆, a, u, v〉=D∆ is a proper subplane; in fact, D<•P (or else dim x∆≤ 4, and
Λ=(∆x)
1 would have dimension dimΛ> 14, which contradicts Stiffness). Put ∆|D=∆/K.
By [52] 1.7 we have ∆:K≤ 11 and dimK≥ 8, but the stiffness property 2.6(b) implies
dimK≤ 7. This contradiction shows that ∆x ∩N=1l. 
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9.1 Semi-simple groups. If ∆ is semi-simple, if F∆ is a triangle a, u, v , and if
dim∆≥ 28, then ∆∼=Spin8R.
Proof. (a) Choose a point e such that a, e, u, v is a non-degenerate quadrangle, and
consider the connected component Λ of ∆e . Then ∆:Λ≤ 16, dimΛ> 11, and Λ∼=G2 by
Stiffness. In particular, dim∆≤ 30.
(b) ∆ is almost simple. If not, then some proper factor Γ of ∆ contains an isomorphic
copy Λ̂ of Λ . Repeated application of 2.15(a) and Stiffness show that F
Λ̂
is a flat subplane
and that Ψ=(Cs∆Γ)
1 acts effectively on F
Λ̂
. By [54] 33.8 the group Ψ is solvable, in fact
dimΨ≤ 2 (see [54] 32.10, cf. also 33.10); hence Ψ=1l and ∆= Γ , a contradiction.
(c) If dim∆=30, then a maximal compact subgroup of ∆ is locally isomorphic to SU4C
and does not contain G2 . Hence dim∆=28, and ∆ is a group of type D4 by 2.16. From
2.10 and Λ<∆ it follows that ∆∼=Spin8(R, r) with r≤ 1. Suppose that r=1. Then ∆
has a maximal compact subgroup Φ∼=Spin7R such that Λ is contained in Φ. Note that
Λ is even maximal in Φ (if not, then the action of Λ on lΦ shows that X=CsΦΛ is 7-
dimensional and Φ=ΛX, but then Λ would be normal in Φ). The central involution σ ∈Φ
is a reflection, say with axis uv . Therefore ∆ acts effectively on av . Let c= eu ∩ av and
Γ=(∆c)
1 . Each orbit of Φ on av \{a, v} is a 7-sphere (cf. 2.15), and Φ acts linearly on
av \{v}≈R8 , see [54] 96.36. The stabilizer Φc=Λ∼=G2 is a maximal compact subgroup of
Γ (use the Mal ′cev-Iwasawa theorm). We have ∆:Γ≥ dim cΦ and Γ :Λ∈{6, 7} . Stiffness
implies dim(CsΓΛ)≤ 1. As the action of Λ on (the vector space underlying) the Lie algebra
lΓ is completely reducible, it follows from [54] 95.10 that dim Γ=21. Hence dim c∆=7,
and then c∆= cΦ . In particular, ∆c= Γ is connected. It follows that the map κ : δ 7→ cδ
on ∆ induces a homeomorphism ∆/Γ≈ cΦ≈ S7 , see [54] 96.9(a). Moreover, Λ< Γ implies
that Γ is neither almost simple nor semi-simple. Consequently,
√
Γ=Ξ∼=R7 and Γ=Ξ⋊Λ
is given by the action of AutO on the pure octonions. The same arguments may be applied
to b= ev ∩ au instead of c. In particular, b∆= bΦ=S≈ S7 . The vector group Ξ acts freely
on S because each stabilizer Ξs wwith s∈S fixes a quadrangle and is compact according
to step (a). By the open mapping theorem [54] 51.19 or 96.11, each orbit sΞ is open in S .
Hence bΞ=S and ξ 7→ bξ :Ξ→S is a homeomorphism, but obviously this is not true. 
Remark. If ∆ is semi-simple and F∆= 〈a, u, v〉 is a triangle, then dim∆ 6=25.
Proof. Assume that dim∆=25. This number being odd, ∆ has either a 15-dimensional
factor or at least one factor of dimension 3.
(a) In the first case, ∆= ΓΨ has exactly two factors. Let dim Γ=15. If Γ is transitive
on au\{a, u}∋x, then Ψx is a group of homologies with axis au , and so is Ψ because
Ψ is almost simple, but then dimΨ≤ 8, a contradiction. Analogously, Γ has an orbit
yΓ⊂ av \{a, v} of dimension < 8. Hence there is a point p /∈ au ∪ av ∪uv such that Γp 6=1l,
and E =FΓp is a proper Ψ-invariant subplane. Consequently, dim pΨ≤ 8 and dimΨp≥ 2.
It follows that H=FΨp<P , and Γ|H is too large.
(b) Suppose that ∆ has a 10-dimensional almost simple factor Ψ. Then its complement
Γ=(CsΨ)1 has dimension 15. In step (a), the fact that Γ is almost simple has been used
only at the very end. Therefore there is again a subplane H=HΓ<P . Put Γ|H= Γ/K.
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If H<•P , then K is compact and semi-simple, hence a Lie group, and K∼=Spin3R by
Stiffness. On the other hand, Γ :K≤ 9, see [50] 6.1 or [52] 7.3. Hence dimH≤ 4, and then
Γ :K≤ 3 by 2.14. Now Stiffness implies K∼=G2 , which is impossible.
(c) If ∆ has an almost simple factor Γ of dimension 16, then a maximal compact sub-
group of Γ is locally isomorphic to SU3C, and 2.17 implies that Γ cannot be transitive on
one of the sides of the fixed triangle (without its vertices). Hence there is again a point
p such that Γp≥ 2 and E =FΓp is a proper Ψ-invariant subplane. Now dim pΨ≤ 8, and
H=FΨp<P , but then dim Γ|H≤ 11 by [50] 6.1 or [52] 1.7.
(d) The case that ∆ has two 8-dimensional factors is similar but somewhat more compli-
cated. Put D=P \(au ∪ av ∪uv), let dim Γ=8, and denote the product of the other factors
by Ψ. Then dimΨ=17, Ψq 6=1l for q∈D , and D=FΨq =DΓ is a proper subplane. Either
Γ is sharply transitive on D ∩D , or Γp 6=1l for some p and E =FΓp = EΨ<P . In the first
case, let Φ be a maximal compact subgroup of Γ . Note that dimΦ< 8 and that D ∩D is
homotopy equivalent to S 23 . It follows that Φ
′⊜ Spin3R, and the exact homotopy sequence
[54] 96.12 yields 0 → π3Φ′ → π3S 23 =Z2 → 0, a contradiction. Hence E <P . For each
possible dimension of E it turns out that Ψ is too large: write Ψ|E =Ψ/K. If dim E ≤ 4,
then Ψ=K (see [54] 33.8 and 2.14 above), but dimK≤ 14 by Stiffness; if E<•P , then
dimK≤ 3 and Ψ:K≥ 14, which contradicts [52] 1.7.
(e) Only one possibility remains: ∆ has a factor Γ of type G2 , a factor Ψ of dimension 8,
and a 3-dimensional factor Ω. If Γ is compact, then FΓ is flat and Ψ∼=Ψ|FΓ would be triv-
ial. Hence Γ⊜G2(2). In a similar way as before, this leads to a contradiction: (ΓΩ)p 6=1l,
and there is a subplane E = EΨ<P . If Ψ is sharply transitive on E \(au ∪ av ∪ uv), then
a maximal compact subgroup Φ of Ψ is homeomorphic to (H′)2 by the Mal’cev-Iwasawa
theorem, but dimΦ∈{3, 4, 8} . Hence there is some point q ∈E such that Ψq 6=1l, and Γ
acts almost faithfully on H=FΨq , but dim Γ|H≤ 11. 
9.2 Lie. Assume that ∆ fixes a triangle a, u, v .
(A) If ∆ is semi-simple and if dim∆≥ 22, then ∆ is a Lie group.
(B) If ∆ has a 1-dimensional compact normal subgroup Θ and if dim∆≥ 18, then ∆ is
a Lie group and dim∆≤ 23.
(C) If ∆ has a minimal normal vector subgroup Θ∼=Rt and if dim∆≥ 22, then ∆ is a
Lie group.
Part (A) Proof. Because of the previous Remark and 9.0 we may assume that dim∆≤ 24.
Suppose that ∆ is not a Lie group, und use the same notation as in 9.0. Let Γ be a proper
factor of ∆ of minimal dimension and denote the product of the other factors by Ψ. Recall
from the proof of 9.0 and the Remark added to 9.0 that ∆:∆p≤ 14 and that ∆p ∩N=1l
for any point p /∈ au ∪ av ∪ uv .
(a) If pΓ= p, then Γ|p∆ =1l. The action of N on FΛ implies Λ 6∼=G2 . Hence dim∆p≤ 11
and dim p∆≥ 11> 8, but then Γ=1l. Therefore pΓ 6= p.
(b) dim Γ≥ 6: we have E = 〈pΓN, a, u, v〉 ≤• P by [54] 32.21 and 71.2. Obviously, Ψp|E =1l
and Ψp is a Lie group. Hence dimΨp≤ 3, dimΨ≤ 17, and dim Γ≥ 5.
(c) Suppose in steps (c–f) that dim Γ≥ 23. Then dim∆=24, or dim Γ=8, dimΨ=15,
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and Ψ is almost simple. In both cases, dim Γ> 6.
(d) If dim Γ=8, then again E = 〈pΓN, a, u, v〉 ≤• P and Ψp|E =1l. Stiffness 2.6(bˆ) shows
that dimΨp ∈{1, 3} , E<• P , and 〈pΨ〉=P . Consequently, (ΓN)p=1l, pΓ is open in the
point space of E , and N would be a Lie group by [54] 53.2 contrary to the assumption.
(e) ∆ is almost simple. The only other possibility is dim Γ=10. In this case Ψ is a Lie
group of type G2 , and Ψ is simple or a twofold covering of a simple group. Each non-
central involution of Ψ acts non-trivially on all three sides of the fixed triangle. Hence Ψ
contains a planar involution β , and Γ|Fβ 6=1l, but then dim Γ≤ 9 by [50] 6.1.
(f) Because of step (e), the group ∆ maps onto PSU5(C, r) with r=1 or r=2, and ∆
has a subgroup Φ×X, where Φ∼=SU3C and X∼=SU2(C, 2−r). If ι denotes the involution
diag(1, 1, 1,−1,−1), then Φ×X≤Cs∆ι and dimCs∆ι≤ 9+4. Consequently, ι is not in
the center of ∆ and ι acts non-trivially on the sides of the fixed triangle. Therefore ι is
planar. As dimΦ=8, Stiffness implies that Φ|Fι 6=1l. An involution κ∈Φ is not in the
center of Φ and induces a Baer involution on Fι for analogous reasons as those which
proved the planarity of ι. Therefore C=Fι,κ is a 4-dimensional subplane. Note that N
acts freely on C . By [54] 53.2, the group N is a Lie group and so is ∆.
(g) Now let dim∆=22. Then ∆ has no almost simple factor of dimension 16, or else
dim Γ=6, both Γ and Ψ are Lie groups, and so is ∆= ΓΨ. (Note that the maximal
compact subgroups of Γ and Ψ are almost simple, and use the approximation theorem
[54] 93.8 together with 93.11.) If Ψ is almost simple of type G2 , then Ψ⊜G2(2). As in
step (e), a non-central involution β ∈Ψ is planar. There is a compact 6-dimensional group
Φ≤CsΨβ , and dim ΓΦ|Fβ ≥ 8+3. This contradicts [52] 7.3.
(h) Thus dim Γ=6 and Ψ is a product of two almost simple factors X and Υ, where
dimΥ ı {8, 10} . Again a non-central involutiom β ∈Υ is planar; moreover, dimX≥ 6, and
dim ΓXN|Fβ ≥ 12, but then N is a Lie group by [34].
Part (B) Proof. (a) Suppose that ∆ is not a Lie group. As in the proof of 9.0, all
orbits on two sides of the fixed triangle have dimension < 8, and dim p∆≤ 14 for each
point p /∈ au ∪ av ∪ uv . Put Λ=(∆p)1 . By the approximation theorem [54] 93.8, there is a
compact 0-dimensional central subgroup N ⊳∆ such that ∆/N is a Lie group. Note that
Θ≤Cs∆. If pΘ= p, then FΘ=F ∆Θ <P and ∆:∆p= dim p∆≤ dimFΘ= d∈{0, 2, 4, 8} .
Either d≤ 2, Θ ⊳Λ=(∆p)1 6∼=G2 , dimΛ≤ 11, and dim∆≤ 13, or d≥ 4, dimΛ≤ 8, and
dim∆≤ 16. If pΘ 6= p, then Θ acts non-trivially on the subplane E = 〈pΘN, a, u, v〉 , E is not
flat by [54] 32.17, and dim E =4 or E ≤•P . In the first case, N|E =N/K is a Lie group by
[54] 71.2, and K 6=1l. Hence FK=F ∆K <P , p∆⊆FK , ∆:∆p≤ 8, ∆p|E =1l, dim∆p≤ 8,
and dim∆≤ 16. In the second case, we have Np|〈p∆〉=1l. Therefore ∆:∆p= dim p∆≤ 8 or
∆p ∩N=1l and ∆p is a Lie group. Stiffness implies dim∆p≤ 7 or dim∆p≤ 3, respectively,
and dim∆≤ 17.
(b) If ∆ is transitive on the complement of the triangle, then ∆′∼=Spin8R by Corollary
2.18, dim∆≥ 28, ∆ is a Lie group, the torus rank rk∆ is 4, and ∆ cannot have a normal
torus subgroup. Hence there is some point p such that p, a, u, v form a quadrangle and
∆:∆p< 16. Put Λ=(∆p)
1 and E =FΛ . If Θ|E =1l, then Θ≤Λ , E ≤F =FΘ=F∆<P ,
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∆:∆p= dim p
∆≤ 8, Λ 6∼=G2 , dimΛ≤ 11, and dim∆≤ 19. If Θ|E 6=1l, however, then
E≤•P or Θ|E is a Lie group by [54] 32.21 and 71.2, and Θ|E ∼=T. From [54] 32.17 it follows
that E is not flat, and dim E is at least 4. Stiffness implies dimΛ≤ 8 and dim∆< 24. 
Part (C) Proof. (a) As in part (A) and with the same notation, dim p∆≤ 14 for each point
p /∈ au ∪ av ∪ uv . Select p in such a way that pΘ 6= p and choose a one-parameter subgroup
Π≤Θ and an element ̺∈Π with p̺ 6= p. The action of ∆ on Θ being linear, we have
Θp≤ Γ=∆p,̺≤CsΠN and dim Γ≥ dim∆−14−t. As pΠ 6= p, the plane E = 〈pΠN, a, u, v〉
is a connected subplane. By the Remark added to 9.0, the central subgroup N satisfies
∆p ∩N=1l. Therefore ∆p and Γ are Lie groups and N acts effectively on E . Because
of [54] 32.21 and 71.2 it follows that E≤•P . Note that Γ|E =1l. Stiffness shows that
Γ is compact. In particular, Θp is compact and hence Θp=1l. Moreover, Γ
1≤ Spin3R
and dim Γ≤ 3. This proves the claim for t < 5. If t=5, then dim ̺∆p =∆p:Γ=5 and
dim∆p=8. As Θp=1l, there is no restriction for the choice of ̺. Hence ∆p is transitive
on Θ\1l, but a transitive linear group on R5 contains SO5R and has dimension at least
11, see [58] Satz 1 or use [54] 96.19–22.
(b) Let Λ=(∆p)
1 and consider a minimal Λ-invariant subgroup H∼=Rs of Θ. Accord-
ing to step (a), we may assume that s> 5. By definition, Λ induces an irreducible re-
presentation Λ on H ; the kernel of this representation is contained in Γ . Consequently
dimΛ≥ dim∆−14≥ 8 and dimΛ≥ 5. A Levi complement Υ in Λ is the image of a max-
imal semi-simple subgroup Υ of Λ , see [54] 94.27.
(c) In the case s=6 and dimΛ> 8 it follows that dim ̺Λ=6 for each choice of ̺ in H .
Hence Λ is a transitive linear group of R6 , and Λ is transitive on the 5-sphere consisting
of the rays in R6 . From [54] 96.19,21,22 and 94.27 we conclude that Υ∼=SU3C (since
dimΥ≤ 14). In particular rkΛ≥ 2, and Λ contains two commuting planar involutions
α, β such that dimFα,β =4. As N acts freely on Fα,β , N would be a Lie group by [54]
71.2, a contradiction to our assumption. More generally, the last arguments prove the
following
(d) Lemma. If there exists a pair of commuting involutions in ∆p , then ∆ is a Lie group.
(e) The possibility s=6 and dimΛ=8 will be postponed to step (h). If s=7, then
Clifford’s Lemma [54] 95.5 implies that Υ is almost simple of dimension dimΥ> 3, and
representation theory [54] 95.10 shows that Υ is a group of type G2 and torus rank 2.
Hence ∆ is a Lie group by Lemma (d).
(f) Similarly, the other prime numbers can dealt with: if s=11 or 13, then Υ⊜ SOsR
(again by [54] 95.10), and Υ is by far too large.
(g) For compound s the group Υ may be properly semi-simple. If s is even, complex
representations are possible, and we can only infer dimΥ≥ 3. The kernel K=CsΥH of
the action of Υ on H is contained in Γ ; hence K is compact and dimK≤ 3. In fact,
K1∼=Spin3R or K is finite (note that K is semi-simple). As proper covering groups of
SL2R do not have a faithful linear representation, each factor of Υ has positive torus
rank. The same holds for the factors of Υ. Because of Lemma (d) we may assume that Υ
is almost simple and that K is finite. If rkΥ> 1 or if Υ has a subgroup SO3R, Lemma (d)
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applies also. Thus only the cases Υ⊜ SL2C, SL3R, and Sp4R need further consideration.
(h) In the first case, Υ∼=SL2C contains a central involution ι, which is planar because it
fixes p. Let Υ∗=Υ|Fι . By Stiffness, Υ∗ 6=1l, and then dimΥ∗=6; on the other hand,
the stiffness property [52] 1.5(1) implies dimΥ∗≤ 4. For similar reasons, dimΥ 6=8: the
central involution κ of the simply connected two-fold covering Υ of SL3R is again planar,
Stiffness shows Υ|Fκ ∼=SL3R, but dimΥ|Fκ ≤ 4 by [52] 1.5(1). Finally, let dimΥ=10.
Each faithful linear representation Υ of Υ is isomorphic to (P)Sp4R (see[54] 95,10), and
U2C is a maximal compact subgroup of Sp4R. By assumption, Υ is a finite covering of
Υ . Hence rkΥ=2, and Lemma (d) applies. 
Corollary. If F∆ is a triangle and if dim∆≥ 22, then ∆ is a Lie group.
Proof. There is a compact 0-dimensional central subgroup N such that ∆/N is a Lie
group, and ∆/N is semi-simple or has a central torus T or a minimal normal vector group
Ξ, see 2.3. In the first case, each commutative connected normal subgroup A ⊳∆ maps
onto the identity of ∆/N . Hence A≤N , and A is trivial, in other words, ∆ is semi-simple
and (A) applies. In the other two cases, the connected component Θ of the pre-image of
T or Ξ satisfies the assumptions in (B) or (C) respectively. 
9.3. If dim∆=30 and if ∆ fixes a triangle, then ∆=P×Φ, where Φ∼=Spin8R and P is
a product of two one-parameter groups of homologies with distinct centers .
Proof. Let c∈ av \{a, v} and z ∈S= uv \{u, v} , and put Γ=∆c and Λ= Γz . Then
dim zΓ=8 and Γ is transitive on S . As Λ∼=G2 , it follows by 2.17(e) that Γ∼= eR×Spin7R.
Similarly, 2.17(f) shows that a maximal compact subgroup Φ of ∆ is isomorphic to Spin8R.
The 2-dimensional radical P=
√
∆ acts effectively on the flat plane FΛ , and P∼=R2 by
[54] 33.10. Therefore Pz≤Cs Γ , Pz|zΓ =1l, and Pz ≤∆[a,uv] . Analogously, Pc≤∆[u,av] . 
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10. Summary
The entries in the table below have the following meaning:
dim∆ ≥ b⇒ P is known, dim∆ ≥ b′ ⇒ P is a translation plane,
dim∆ ≥ b′′ ⇒ P is a Cartesian plane, dim∆ ≥ b∗ ⇒ P is a Hughes plane,
dim∆ ≥ c⇒ P is classical (Moufang), dim∆ ≤ d, dim∆ ≥ g ⇒ ∆ known.
F∆ ∆ s-s T ⊳∆ Rt ⊳∆ ∆ arbitrary References
∅ b∗=25 b∗=23 d≤23 b=25 c=37 3.1,2,3, [54] 86.35
{W} d=21 4.4 1) b′=35 b=35 c=36 4.3,6,8,11,12
flag d=21 2) 5.3 1) ? b=40 c=41 5.2, [54] 87.7
{o,W} g=29 d=30 d=32 7) c=38 4.2, 5. 6/12
〈u, v〉 d=21 2) d=20 b=35 3) b=35 b′=39 6.2,3, 5/7
〈u, v, w〉 d=18 d=16 g=32 c=33 b′=32 c=33 7.2,3,4
〈u, v, ov〉 d=24 4) d=30 b′′=33 b=33 c=38 8.2,3,4/6
〈o, u, v〉 g=28 d=23 ? d=30 g=30 9. 1,2,3
arbitrary b∗=29 5) b∗=31 b=35 6) b=40 c=41 [43], [54] 87.7
1) dim∆≥ 18⇒ ∃B∼=H B∆=B<•P 2) dim∆≤ 16 if ∆ is almost simple
3) dim∆∈{33, 34} ⇒ P is transl. plane 4) if ∆ is a Lie group
5) or dim∆≥ 36 6) or F∆ is a flag
7) if t 6=1
Lie groups. If Θ denotes a compact conected 1-dimensional subgroup and if dim∆≥ k ,
then ∆ is a Lie group.
F∆ ∆ s-s Θ ⊳∆ Rt ⊳∆ ∆ arbitrary References
∅ 21 23 3.1, 3.0
{W} 14 23 4.3, 4.0
flag 15 22 5.1, 5.0
{o,W} 26 27 [37](a), [37]
〈u, v〉 14 18 6.1, 6.0
〈u, v, w〉 14 15 7.1, 7.0
〈u, v, ov〉 26 20 1) 27 8.0, [37]
〈o, u, v〉 22 18 22 22 9.2
arbitrary 26 27 [37]
1) or Cs∆|av =1l (8.3 Remark)
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